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 Abstract 
Poor machinability of hard-to-machine materials (such as advanced ceramics and 
titanium) limits their applications in industries. Ultrasonic-vibration-assisted grinding (UVAG), a 
hybrid machining process combining material-removal mechanisms of diamond grinding and 
ultrasonic machining, is one cost-effective machining method for these materials. Compared to 
ultrasonic machining, UVAG has much higher material removal rate while maintaining lower 
cutting pressure and torque, reduced edge chipping and surface damage, improved accuracy, and 
lower tool wear rate. However, physics-based models to predict cutting force in UVAG have not 
been reported to date. Furthermore, edge chipping is one of the technical challenges in UVAG of 
brittle materials. There is no report related to effects of cutting tool design on edge chipping in 
UVAG of brittle materials.  
The goal of this research is to provide new knowledge of machining these hard-to-
machine materials with UVAG for further improvements in machining cost and surface quality. 
First, a thorough literature review is given to show what has been done in this field. Then, a 
physics-based predictive cutting force model and a mechanistic cutting force model are 
developed for UVAG of ductile and brittle materials, respectively. Effects of input variables 
(diamond grain number, diamond grain diameter, vibration amplitude, vibration frequency, 
spindle speed, and federate) on cutting force are studied based on the developed models. 
Interaction effects of input variables on cutting force are also studied. In addition, an FEA model 
is developed to study effects of cutting tool design and input variables on edge chipping. 
Furthermore, some trends predicted from the developed models are verified through experiments. 
The results in this dissertation could provide guidance for choosing reasonable process variables 
and designing diamond tools for UVAG. 
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 Abstract 
Poor machinability of hard-to-machine materials (such as advanced ceramics and 
titanium) limits their applications in industries. Ultrasonic-vibration-assisted grinding (UVAG), a 
hybrid machining process combining material-removal mechanisms of diamond grinding and 
ultrasonic machining, is one cost-effective machining method for these materials. Compared to 
ultrasonic machining, UVAG has much higher material removal rate while maintaining lower 
cutting pressure and torque, reduced edge chipping and surface damage, improved accuracy, and 
lower tool wear rate. However, physics-based models to predict cutting force in UVAG have not 
been reported to date. Furthermore, edge chipping is one of the technical challenges in UVAG of 
brittle materials. There is no report related to effects of cutting tool design on edge chipping in 
UVAG of brittle materials.  
The goal of this research is to provide new knowledge of machining these hard-to-
machine materials with UVAG for further improvements in machining cost and surface quality. 
First, a thorough literature review is given to show what has been done in this field.  Then, a 
physics-based predictive cutting force model and a mechanistic cutting force model are 
developed for UVAG of ductile and brittle materials, respectively. Effects of input variables 
(diamond grain number, diamond grain diameter, vibration amplitude, vibration frequency, 
spindle speed, and federate) on cutting force are studied based on the developed models. 
Interaction effects of input variables on cutting force are also studied. In addition, an FEA model 
is developed to study effects of cutting tool design and input variables on edge chipping. 
Furthermore, some trends predicted from the developed models are verified through experiments. 
The results in this dissertation could provide guidance for choosing reasonable process variables 
and designing diamond tools for UVAG. 
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Chapter 1 - Introduction  
1.1 Background of UVAG process   
Ultrasonic-vibration-assisted grinding (UVAG), developed from ultrasonic machining 
(USM) [1], is a hybrid machining process for hard-to-machine materials. It combines material 
removal mechanisms of diamond grinding and ultrasonic machining. As shown in Figure 1.1, a 
rotating diamond core drill is ultrasonically vibrated while being fed into the workpiece at a 
constant pressure or a constant feedrate. Coolant pumped through the core of the drill washes 
away the swarf, prevents jamming of the drill and keeps it cool.  
 
Figure 1.1 Illustration of ultrasonic-vibration-assisted grinding (after [2]) 
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In USM, the slurry has to be fed to and removed from the gap between tool and 
workpiece, resulting in low material removal rate (MRR) especially with increase of penetrating 
depth, wear of the machined hole wall when the slurry passes back towards the surface, low 
accuracy, and severe tool wear by the abrasives in slurry [1].  
In order to overcome the shortcoming of USM, UVAG was invented in 1964 by Percy 
Legge, a technical officer at United Kingdom Atomic Energy Authority (UKAEA) [3]. In 
UVAG, the slurry in USM is replaced with abrasives bonded to a tool.  UVAG gets much higher 
material removal rate than USM, clean cuts [1,3], low energy input [4] while maintaining low 
cutting pressures and torque [5], reduced chipping and breakout [4], little surface damage and 
consequently strength reduction, improved accuracy, and low tool wear [6].  
1.2 Motivations, objective, and significance of this research 
A lot of research work on UVAG has been carried out since it was invented [7-21]. Most 
of published papers focus on effects of input variables in UVAG of ductile and brittle materials 
on its performances by conducting experiments. Reported modeling work on UVAG is 
concentrated on predicting MRR. However, these existing models were developed for one type 
of UVAG machines that use constant pressure (or force) to feed the tool into the workpiece. 
These models do not apply to another type of machines that employ constant feedrate (instead of 
constant pressure). For this type of UVAG machines, there is no need to predict MRR since 
MRR is determined by feedrate. A thorough literature survey did not produce any report on 
mechanism of UVAG with constant feedrate. In addition, edge chipping is one of the technical 
challenges associated with UVAG of brittle materials, and cutting tool is one important factor, 
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but there is no report related to effects of cutting tool design on edge chipping in UVAG of 
brittle materials either.  
The objective of the research is to provide new knowledge of machining hard-to-machine 
materials with UVAG. Specific research tasks are as follows: 
1. Developing a physics-based predictive model for cutting force in drilling ductile 
materials (Ti) with UVAG and verifying the developed model through experiments.  
2. Developing a mechanistic model for cutting force in UVAG of brittle materials 
(silicon and ceramics) and verifying the developed model through experiments. 
3. Studying interaction effects of input variables on cutting force in UVAG of ductile 
materials.  
4. Studying interaction effects of input variables on cutting force in UVAG of brittle 
materials.  
5. Developing an FEA model to investigate edge chipping with three different cutting 
tools, and effects of tool angle, wall thickness of tool, and process variables on edge 
chipping, and verifying the simulation results by experiments. 
Knowledge generated from this research will fill gaps in the literature on UVAG of hard-
to-machine materials under the condition of constant feedrate. Results from this research can also 
help in understanding other vibration-assisted machining processes. In addition, The results in 
this dissertation also can provide theoretical guidance for choosing reasonable process variables 
and designing diamond drilling tools and UVAG equipment, and will benefit industries where 
hard-to-machine materials is widely used and its machining (especially drilling) is required. 
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1.3 Research approaches  
This research investigates the fundamental mechanisms in UVAG of hard-to-machine 
materials theoretically, numerically, and experimentally. As for the theoretical research work, 
two predictive models for cutting force in UVAG of hard-to-machine materials are developed 
based on physics and experiments. These models can be used to investigate effects of six input 
variables on cutting force. As for the numerical research work, a finite element analysis is 
conducted to investigate effects of cutting tool design on edge chipping. When it comes to the 
experimental research work, experiments are conducted to investigate effects of process 
variables on edge chipping in UVAG of brittle materials, and also to verify the results obtained 
from models and finite element analysis.  
1.4 Outline of this dissertation  
This dissertation is divided into eight chapters. Chapter 1 is an introduction presenting the 
background, motivations, objective, significance, and outline of this dissertation. Chapter 2 
reviews the literature on experimental investigations of UVAG. Experimental results are 
summarized and compared. The inconsistent results and their reasons are discussed. Furthermore, 
directions of future research on UVAG are also presented.  
The physics-based predictive model and mechanistic model for cutting force in UVAG of 
ductile and brittle materials are developed in Chapter 3 and 4 respectively. In both chapters, the 
model development is first described step by step. Afterwards, using the developed model, 
influences of input variables (diamond grain number, diamond grain size, vibration amplitude, 
vibration frequency, spindle speed, and feedrate) on cutting force (and on intermediate variables 
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used in some steps of the model development) are predicted. Finally, these predicted influences 
are compared with experimental results. 
Based on the developed models, full-factorial design of experiments is utilized to study 
the main effects and interaction effects of input variables on cutting force systematically for 
UVAG of ductile and brittle materials in Chapters 5 and 6, respectively. In Chapter 7, finite 
element analysis is utilized to study three cutting tool designs and six process variables on edge 
chipping in UVAG of brittle materials and the simulation results are verified by experiments. 
Chapter 8 summarizes the achievements and conclusions of this research.  
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 Abstract  
Ultrasonic-vibration-assisted grinding (UVAG), a hybrid machining process combining 
material removal mechanisms of diamond grinding and ultrasonic machining, has been used to 
machine various hard-to-machine materials. Large amount of research work on UVAG has been 
carried out since it is invented. However, there are no review papers to cover the current 
literature on UVAG. This paper reviews the literature on experimental investigations of UVAG. 
Experimental results are summarized and compared. The inconsistent results and their reasons 
are discussed. Furthermore, directions of future research on UVAG are also presented. 
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2.1 Introduction 
Ultrasonic-vibration-assisted grinding (UVAG), also known as rotary ultrasonic 
machining (RUM), is a hybrid process which combines material removal mechanisms of 
ultrasonic machining and diamond grinding. UVAG has the potential for high material removal 
rate (MRR) and clean cuts [1]. It is reported that UVAG has 6-10 times higher MRR than 
traditional grinding [2], and it is about 10 times faster than USM (ultrasonic machining) [3]. Tool 
pressure and torque in UVAG are low [3-4]. Lower pressure is especially helpful when drilling 
small holes, deep holes, or adjacent holes with thin dividing walls [3]. UVAG also brings in 
reduced edge chipping, breakout, and damage [3]. In addition, UVAG can easily fit in with 
traditional machines with some modifications [1]. Furthermore, UVAG can increase hole 
accuracy and reduce tool wear rate [5].  
Large amount of research work on UVAG has been carried out since it is invented in 
1964 [1-44]. In 1995, Pei et al. summarized the literature on UVAG of structural ceramics. They 
reviewed the development history of UVAG process and equipment, as well as experimental and 
theoretical studies [45]. In 2004 and 2006, Zeng et al. reviewed the literature on UVAG of 
ceramics, including MRR modeling, effects of five input variables on MRR and tool wear [33, 
36]. In 2007, Churi et al. summarized the literature on UVAG of hard-to-machine materials, 
including alumina, silicon carbide, ceramic matrix composites, and titanium alloys. They 
reviewed effects of three input variables (rotational speed, feedrate, and ultrasonic power) on 
UVAG performances (cutting force, surface roughness, and edge chipping) [10]. More UVAG 
research results have been reported after these review papers were published, especially results 
from experimental investigations on UVAG. However, there are no systematical reviews to 
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include these new results.  
This paper reviews experimental investigations on UVAG (while theoretical 
investigations and modeling work will be reviewed in a separate paper). It summarizes what has 
been done and what has not yet, as well as some inconsistent results in the literature. Directions 
of future research on UVAG are also discussed. 
This paper is organized into nine sections. Following this introduction section, section 2.2 
provides definitions and significance of UVAG input variables. Sections 2.3 to 2.7 present 
experimental investigations on five UVAG output variables (MRR, surface roughness, cutting 
force and torque, tool wear, and edge chipping), respectively. Section 2.8 contains concluding 
remark. 
2.2 Definitions and significance of UVAG input variables 
Figure 2.1 is a schematic illustration of UVAG. A rotating diamond core drill is 
ultrasonically vibrated while being fed into the workpiece at a constant pressure or a constant 
feed rate. Coolant pumped through the core of the drill washes away the swarf, prevents 
jamming of the drill and keeps it cool [1].  
In this paper, experimental investigations using two types of machines (constant feedrate 
and constant pressure) are included. For the type of machines with constant feedrate, constant 
feedrate is applied on the tool (or workpiece) to feed the tool (or workpiece) towards the 
workpiece (or tool), and cutting force is variable. For the other type of machines, constant 
pressure is applied on the tool (or workpiece) to feed the tool (or workpiece) towards the 
workpiece (or tool), and feedrate is variable. 
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Figure 2.1 Illustration of ultrasonic-vibration-assisted grinding (after [46]) 
 
 
   
 
 
 
Important input variables in UVAG can be classified into three categories: 
 Variables related to cutting tool: diamond type, diamond grain size, diamond concentration, 
bond type, tool geometry (number of slots, outer diameter, chamfer direction and angle, and wall 
thickness); 
 Variables related to process: ultrasonic vibration amplitude, ultrasonic vibration frequency, 
tool rotational speed, and feedrate or pressure; 
 Other variables: workpiece material type, coolant delivery mode, and support length of 
workpiece (which is the radial length of the contact area between workpiece and fixture).   
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2.2.1 Diamond type  
The cutting tool used in UVAG is a core drill. The end portion of the drill contains 
bonded abrasives, as shown in Figure 2.1. Diamond grains are commonly used in UVAG [47]. 
Two types of diamond are reported for UVAG: natural and synthetic diamond [43].  
One grade of nature diamond (A16)  and  three grades of synthetic diamond (SAM, ASP 
16, ASV 16) are reported [28]. One grade of nature diamond (A16)  and  three grades of 
synthetic diamond (SAM, ASP 16, ASV 16) are reported [28].  
2.2.2 Diamond grain size 
The grain size of diamond abrasives in UVAG is usually expressed as mesh size. It 
corresponds to the number of openings per linear inch in the wire gauze used to “size” abrasive 
grains. But this wire gauze is employed primarily for sizes ranging from mesh #4 to mesh #240 
[47]. For smaller grain sizes, the diameter of the abrasive grains is used to express the abrasive 
grain size [48].  
Different diamond grain sizes are reported in UVAG. For example, mesh 40/50, mesh 
40/170, mesh 60/80, mesh 80/100 [7], mesh 270/325 [13], mesh 315/400 [5], mesh 60-800 [15], 
mesh 100-240 [49], mesh 80 [31], mesh 325, mesh 500, mesh 600, mesh 800 [30], 50-220 μm 
[1], 50-250 μm [28], and 181μm [50]. 
2.2.3 Diamond concentration 
Diamond concentration is defined as the weight of the diamond in each cubic inch of the 
bond material. “When 72 carats of diamonds are added in 1 cubic inch of bond material, then the 
diamond concentration is called as 100 concentration” [51]; when 54 carats of diamond grains 
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are added in 1 cubic inch of bond material, then the diamond concentration is called as 75 
concentration. Each increase or decrease of 18 carats will cause the concentration to change by 
25% [51].  
Diamond concentration is a crucial characteristic of diamond tools [28, 51]. It is related 
to the grinding or cutting efficiency and the machining costs. “If the concentration is too high, 
many diamonds will fall off the tool prematurely, resulting in waste of the diamonds. If it is too 
low, the grinding efficiency will be reduced” [51].  In reported investigations on UVAG of brittle 
materials, the concentration used ranged from 50 to 200 [4-5, 15, 28, 30]. 
2.2.4 Bond type  
Bond material in the cutting tool holds diamond grains in place and plays an important 
role in determining the cutting tool’s performance [52-53]. The physical and mechanical 
properties of the bond substantially influence the cutting properties of a cutting tool[28]. There 
are three common types of bond: resin, ceramic, and metal [51]. Electroplate and sinter are two 
methods for fabricating diamond cutting tool [17, 54]. Most electroplated tools have only one 
layer of diamond coated on a steel body. Diamonds sit only on the surface of the tool. The 
cutting tool will slow down when the diamond portion is worn out or peeled off. Sintered tools 
have diamond sintered in a matrix made of various metal combinations. Multiple layers of 
diamonds are impregnated inside the metal matrix. This means that sintered tools have diamond 
content throughout the tip of the drill. The metal bond must wear away to continuously keep re-
exposing for the diamond tool to continue cutting [54]. 
Different bond-types change workpiece/tool hardness ratio. This ratio is inversely 
proportional to penetration depth of a diamond grain into workpiece, and consequently different 
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bond-types result in different penetration depth of diamond grains into workpiece in each 
ultrasonic cycle [1].  
Diamond tools with metal bonds are used in UVAG [1, 5, 15, 17, 30, 49]. Bronze-
bonded, steel-bonded, brass-copper alloy bonded, and iron-nickel alloy bonded were reported. 
2.2.5 Tool geometry (number of slots, outer diameter, chamfer direction and angle, and wall 
thickness)  
Slots are designed on the end surface of cutting tool as shown in Figure 2.2. The number 
of slots can be 0, 2, or 4. They will influence the coolant flow rate during cutting process, and 
then influence MRR, surface roughness of workpiece, cutting force, and tool wear [6, 35]. 
 
Figure 2.2 Illustration of UVAG cutting tool with slots (after [6]) 
 
 
 
Since the cutting tool is hollow, it has outer and inner diameters. Wall thickness is 1/2 of 
the difference between outer diameter and inner diameter. Wall thickness has a significant effect 
End face 
           Slot 
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on MRR and cutting force [14, 24]. In addition, according to the chamfer direction, three types of 
tool are defined: normal, inner, and outer tools, as shown in Figure 2.3. Also, chamfer direction 
and angle, and wall thickness have significant effects on edge chipping [55].  
 
Figure 2.3  Schematic illustration of angle for three cutting tools 
 
 
 
                                    (a) Normal tool       (b) Inner tool      (c) Outer tool 
 
2.2.6 Ultrasonic vibration amplitude  
Ultrasonic power supply converts electrical supply to high-frequency electrical impulses. 
These impulses are fed to a piezoelectric transducer and transformed into mechanical vibrations 
of ultrasonic frequency, and the vibration amplitude is then amplified by a horn and transmitted 
to the tool. Ultrasonic vibration amplitude of the cutting tool is an important input variable since 
it is a measure of the amount of  energy input per cycle [2, 5].   
          No angle  
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The vibration amplitude of tool for different power settings can be measured by an 
optical vibration sensing system. Power settings ranging from 0 to 100% are related to different 
vibration amplitudes [2]. Both power percentage and vibration amplitude are used to express the 
vibration amplitude of cutting tool.  
These vibration amplitudes are reported in the literature: 2-5 μm [31], 2-16 μm [28], 3-15 
μm [5], 10-23 um [50] , 10-50 μm [15], 23-33 μm [2], and 20-50% [8, 11]. 
2.2.7 Ultrasonic vibration frequency 
Testing has shown that 20 kHz systems appear to be the most efficient of the three 
frequency (16, 20, 40 kHz) [4]. The gripping of the drill bit becomes more difficult at higher 
frequencies [4].  
The following ultrasonic vibration frequencies are reported in the literature: 16-24 kHz 
[17], 17.4 -40 kHz [15], 19.5 - 20.5 kHz [50], 24.5-43.5 kHz [28], 16, 20, 40 kHz [2, 4, 31], and 
42.5 kHz [5]. 
2.2.8 Rotational speed  
Rotational speed refers to the rotational speed (rpm, or revolution per minute) of 
workpiece or cutting tool (Figure 2.1 shows an example for rotational cutting tool). Either of 
them rotates around the axis of symmetry at a certain speed during UVAG.  
The following rotational speeds are reported in the literature: 0-5000 rpm [50], 50-5000 
rpm [56], 450-540 rpm [31],  500-1600 rpm [49], 900 rpm [15, 57], 1000-3000 rpm [2],  2000-
5000 rpm [8, 11], 4000-6100 rpm [4], 2000 rpm [5], and 2420 rpm [28].  
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2.2.9 Feedrate 
Feedrate refers to the rate at which cutting tool (or workpiece) is fed towards workpiece 
(or tool). These feedrates are reported in the literature: 0.008-0.015 mm/s [7], 0.02-0.05 mm/s 
[21], 0.06-0.25 mm/s, 0.07-1.67 mm/s [31], and 0.09-0.16 mm/s [13, 22], 0.55-1.16 mm/s [28]. 
2.2.10 Constant pressure 
Constant pressure has a great effect on MRR [45]. In the literature, these values of 
constant pressure are used: 3-4 psi [49], 22-32 psi [2], 427 psi [28], 100-1137 psi [15], and 284-
1137 psi [5].  
2.2.11 Workpiece material type 
There are many types of workpiece materials reported in the literature, and they can be 
classified into two types: brittle materials and ductile materials. Several brittle materials (Al2O3, 
CMC, Dental ceramics, SiC, Poly-crystallin, Mg/ZirO2, Quartz glass) have been studied, and 
two ductile materials (titanium and stainless steel) were reported.  
2.2.12 Coolant delivery mode 
Two coolant delivery modes have been investigated: continuous mode and intermittent 
mode. With continuous mode, coolant is delivered at a constant pressure, as shown in Figure 2.4 
(a). Intermittent model delivers coolant at alternative pressures between on and off states, as 
shown in Figure 2.4 (b). In practice, the intermittent mode was utilized approximately as shown 
in Figure 2.4 (c).  
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Figure 2.4 Different coolant delivery modes in UVAG [23] 
 
 
 
2.2.13 Support length of workpiece 
Support length of workpiece is the radial length of the contact area between workpiece 
and fixture, as shown in Figure 2.5. It is determined by the diameter of the hole in the fixture. 
This hole is used to receive the rod drilled from workpiece. 
 
Figure 2.5 Schematic illustration of support length of workpiece in UVAG   
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2.3 Experimental investigations on material removal rate  
Material removal rate in UVAG was calculated by the following equation [1, 5-6, 8, 12, 
15, 22-23, 28, 31, 51] : 
T
DDL
MRR
io 

 
 44
Time
removal material of Volume
22

                      (1)                          
Where, Do is outer diameter of cutting tool, Di inner diameter of cutting tool, L length of 
drilled hole, and T the time it takes to drill the hole. 
Table 2.1 summarizes experimental investigations on MRR reported in the literature. 
Five workpiece materials (Ti, Al2O3, CMC, Mg/ZrO2, glass) were tested, and ten of the 13 
variables described in section 2.2 were studied for brittle materials and only four of them were 
studied for ductile materials.  
 
Table 2.1 Experimental investigations on MRR in UVAG  
 
Input variable Ductile workpiece material Brittle workpiece material     Reference 
Diamond grain size * Al2O3, Mg/ZrO2, Glass                    [2, 12, 15, 28] 
Diamond 
i
* Glass                                                   [28] 
Diamond type * Glass                                                   [28] 
Bond type * Mg/ZrO2, Glass                                  [2, 28] 
Vibration amplitude Ti Al2O3, CMC, Mg/ZrO2, Glass          [2, 8, 12, 15, 22, 28, 
31]Vibration frequency * Glass                                                   [28] 
Rotational speed Ti Al2O3, CMC, Mg/ZrO2,Glass           [2, 8, 12, 15, 22, 31]     
Feedrate Ti Al2O3, CMC                                      [8, 12, 22]  
Workpiece material * * 
Support length * * 
Tool design Ti *                                                          [22] 
Static force * Mg/ZrO2, Glass                                  [2, 15, 31]    
Diameter of tool * Glass                                                    [44] 
* Means that no reports are available  
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Using a constant feedrate system, MRR was only affected by feedrate, and proportional 
to feedrate in UVAG of Ti and Al2O3 [6, 8]. While in UVAG of CMC (ceramic matrix 
composites), MRR was not only affected by feedrate, but also by rotational speed and vibration 
amplitude, and increased with increase of all of these three input variables, but no interaction 
effects were found [22]. However, in UVAG of Al2O3, feedrate, rotational speed, and vibration 
amplitude have significant interaction effects on MRR [12]. 
For experimental investigations using a constant pressure system, two types of workpiece 
materials (magnesia stabilized zirconia and glass) were tested. In UVAG of magnesia stabilized 
zirconia (Mg/ZrO2), four input variables (constant pressure, vibration amplitude, rotational 
speed, and grain size) has significant effects on MRR and constant pressure had the most 
significant effects. MRR increased with increase of all the four input variables. There existed 
some two-factor interaction effects on MRR [2]. In UVAG of glass, with increase of vibration 
amplitude, constant pressure, and diamond concentration, MRR increased first, and then 
decreased. In addition, high strength synthetic cutting (synthetic cutting single-crystals) gives 
higher MRR than natural cutting, but natural cutting has a lower wear rate and surface roughness 
than synthetic cutting [28]. As rotational speed and feedrate increased, MRR increased [5, 15, 
28, 31].  
It can be seen that, in constant pressure system, experimental results are inconsistent. 
Most of the input variables have significant effects on MRR, and there exist two interaction 
effects. However, in constant feedrate system, different experimental results are obtained when 
drilling different workpiece materials. In addition, the mechanical properties of workpiece may 
act as an important factor in UVAG. But no effects of workpiece mechanical properties on MRR 
have been reported. 
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2.4 Experimental investigations on surface roughness  
Surface roughness (Ra) of both machined rod surface and hole surface is measured along 
the feed direction by a surface profilometer (contact mode) [6, 8-9, 11, 33, 58-59]. It is also 
measured by microscope ZKM01-250C (non-contact mode) [30]. Although the contact method 
can more accurately measure the surface roughness of the drilled hole along the axial direction, 
the traveling length is limited, and is not easy to adjust the instrument vs. specimen. Ra, Pt and 
Rq are used to measure the surface roughness of the hole [30], where Pt is the vertical distance 
between the highest peak and the lowest valley of the unfiltered profile [60].  
 
Table 2.2 Experimental investigations on surface roughness in UVAG  
Input variable Ductile workpiece material  Brittle workpiece material Reference 
Diamond grain size Ti Al2O3,  SiC, Glass, Zerodur [7, 9, 12, 28] 
Diamond concentration Ti Glass [9, 28] 
Bond type Ti Glass [9, 28] 
Diamond type * Glass [28] 
Ultrasonic vibration 
amplitude Ti and stainless steel 
Al2O3, Dental ceramics, SiC, 
Glass 
[7-8, 11-12, 28, 
32] 
Ultrasonic vibration 
frequency * Glass [28] 
Rotational speed Ti and stainless steel Al2O3, Dental ceramics, SiC [7-8, 11-12, 32] 
Feedrate Ti and stainless steel Al2O3, Dental ceramics, SiC [7-8, 11-12, 32] 
Workpiece material * Poly-crystalline [21] 
Support length * *  
Tool design Ti * [6] 
Static force * Glass [2] 
Diameter of tool * *  
* Means that no reports are available  
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Experimental investigations on surface roughness reported in the literature are 
summarized in Table 2.2. According to this table, five brittle materials (Al2O3, dental ceramics, 
SiC, poly-crystalline, and glass) and two ductile materials (Ti and stainless steel) were studied. 
Ten of the 13 parameters described in section 2.2 were studied for brittle materials and seven of 
them were studied for ductile materials.  
Compared with cutting grinding, UVAG produces lower Ra. Ra could also be improved 
by applying different coolant delivery modes [23]. According to the experimental results 
provided in the literature, with different workpiece materials, tool slots have different influences 
on Ra. In UVAG of Ti, higher Ra was observed with slots than without. But in UVAG of hot-
press alumina, lower Ra was obtained with slots [6, 35]. In addition, Ra was proportional to 
diamond grain size, and inversely proportional to rotational speed except for UVAG of dental 
ceramics. In UVAG of dental ceramics, Ra increased first and then decreased as rotational speed 
increased. In UVAG of Al2O3, the rotational speed ranged from 1000 rpm to 4000 rpm [35], 
while in UVAG of dental ceramics, it ranged from 2000 rpm to 5000 rpm [11].   
When it comes to feedrate and vibration amplitude, inconsistent results were obtained. In 
UVAG of SiC, Ra is proportional to federate [7],  in UVAG of Al2O3, feedrate had no obvious 
effects on Ra [35] or Ra was proportional to feedrate [12], and in UVAG of dental ceramics, 
there existed an optimum feedrate that produced the lowest Ra [11]. In addition, there were no 
interaction effects on Ra in UVAG of SiC [7], while in UVAG of Al2O3 and stainless steel, 
significant interaction effects existed [12, 59].  
The most obvious inconsistence has been observed regarding the effects of vibration 
amplitude. In UVAG of dental ceramics, Ra increased first and then decreased as vibration 
amplitude increased [11, 28]. In contrast, in UVAG of Al2O3, Ra decreased first and then 
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increased [35] or  did not change much as vibration amplitude changed [12]. In UVAG of SiC, 
Ra was inversely proportional to vibration amplitude [7].  
2.5 Experimental investigations on cutting force  
Cutting force was investigated in constant feedrate systems. It is directly related to 
cutting temperature, surface roughness, workpiece accuracy, and surface residual stress, etc. The 
average or maximum cutting force along the feedrate direction was measured by a KISTLER 
9257 or 9272 dynamometer [6-9, 11-13, 20, 22, 58-59]. 
 
Table 2.3 Experimental investigations on cutting force in UVAG  
Input variable Ductile workpiece material  Brittle workpiece material Reference 
Diamond grain size Ti Al2O3, SiC [7, 9, 12] 
Diamond concentration Ti * [9] 
Bond type Ti * [9] 
Diamond type * * 
Ultrasonic vibration amplitude   Ti and stainless steel Al2O3, Dental ceramics,   SiC, CMC 
[7-8, 11-12, 
22, 32, 58] 
Ultrasonic vibration frequency * * 
Rotational speed Ti and stainless steel Al2O3, Dental ceramics, SiC, CMC 
[7-8, 11-12, 
22, 32, 58] 
Feedrate Ti and stainless steel Al2O3, Dental ceramics,  SiC, CMC 
[7-8, 11-12, 
22, 32, 58] 
Workpiece material  * Poly-crystalline,  ZrO2/ Al2O3 
[21, 24] 
Support length * Al2O3 [39] 
Tool design Ti *  [6] 
Diameter of tool * * 
* Means that no reports are available  
 
Table 2.3 summarizes experimental investigations on cutting force reported in the 
literature. According to this table, six brittle materials (Al2O3, ZrO2/ Al2O3, dental ceramics, 
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SiC, poly-crystalline, CMC) and two ductile materials (Ti and stainless steel) were studied. 
Seven of the 12 input variables were studied for ductile materials and six of them were studied 
for brittle materials [7-8, 11-12, 21-22, 32].  
Cutting force in UVAG was lower than that in diamond grinding. It was also lower with 
slots than that without slots in UVAG of Ti [6, 35], but there was no obvious difference when 
drilling alumina [35]. For all the experimental results given in the literature, cutting force 
increased with increase of feedrate and diamond grain size. But it decreased as rotational speed 
increased except for CMC. In UVAG of CMC, no obvious effects of rotational speed on cutting 
force were observed.  
Inconsistence also existed regarding the effects of vibration amplitude. Six experiments 
have been conducted for UVAG of brittle and ductile materials, five of them were for brittle 
materials and one for ductile materials. Four of the six were DOE experiments (design of 
experiment) for four workpiece materials (SiC, CMC, Al2O3, stainless steel). No obvious effects 
of vibration amplitude have shown in the DOE experiments of brittle materials but obvious 
effects of vibration amplitude existed in UVAG of stainless steel. In the other two experiments, 
cutting force decreased first and then increased in one experiment, while decreased all the time in 
the other one as vibration amplitude increased. In addition, interaction effects existed in UVAG 
of SiC, alumina, and stainless steel, but not in UVAG of CMC. Cutting force was affected by 
mechanical properties (fracture toughness and hardness) and microstructure of  workpiece 
materials [24].  
2.6 Experimental investigations on tool wear 
Diamond grains on the tool may have attritious wear, grain fracture, grain pullout and 
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catastrophic failure during machining process [38, 61-66]. “Attritious  wear refers to a type of 
wear where sharp edges of an abrasive grain become dull due to attrition by workpiece material, 
developing flat areas” [38, 61] as shown in Figure 2.6. “Attritious wear increases the area of 
wear flats and determines the magnitude of the grinding force and quality of the ground surface” 
[38]. Grain fracture causes the abrasive fragment to be removed within the grain and the 
fractured area exposes new cutting edges [38]. Grain pullout refers to a type of wear where the 
diamond grains on the wheels were dislodged prematurely, before completing their effective 
working lives, as shown in Figure 2.7. Catastrophic failure refers to cracking of metal bond and 
diamond grains. This type of failure will cause sudden failure (breakage) of the cutting tool as 
the number of drilled holes increase. Since cracking of metal bond has more significant effects 
on cutting tool life, it is more undesirable than  cracking of diamond grain [38]. 
 
Figure 2.6  Attritious wear [38] 
 
 
 
 
Bond fracture may happen during diamond grinding [38, 61, 66]. It refers to a type of 
wear where “the bond material is eroded. The bond strength is reduced and diamond grain 
Initial diamond grain Diamond grain after 4 drillings 
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dislodgement is promoted due to bond fracture. Bond fracture is responsible for the self-
sharpening of grinding wheels and loss of form and size of the grinding wheels”.  
 
Figure 2.7 Diamond pull out [38] 
 
 
 
                           
 
 
In UVAG, tool wear could be measured by the difference between two length 
measurements along the axial direction before and after each test. The tool length of the core 
drill was measured by a vernier caliper [6, 9]. Tool wear could also be measured by wear ratio, 
the ratio of the volume of material removed by tool to the volume of tool wear [28]. The tool 
wear was also observed by digital microscope [33-34, 37-38]. 
Table 2.4 summarizes experimental investigations on tool wear reported in the literature. 
Only one brittle material (glass) and one ductile material (Ti) were tested by two researchers, 
respectively. Six of the 13 input variables were studied for glass and four of them were studied 
for Ti.  
Amount of metal bond  
material removed after 
drilling test  
Grain 1 Grain 2 
Cavity formed  
due to pullout 
of grain 1
Cavity formed 
due to pullout 
of grain 2
Before test After test 
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Little research has been done for tool wear in UVAG. Two of these investigations were 
conducted to study influences of input variables on tool wear [9, 28]. Others were done to find 
the phenomena related to tool wear [21, 34, 37-38]. Due to poor machinability of ductile material 
Ti, more tool wear was observed in Ti UVAG than in UVAG of brittle materials. Tool wear in 
UVAG is lower than that in diamond grinding. Tool with slots has higher wear rate than without 
slots [6].  
 
Table 2.4 Experimental investigations on tool wear in UVAG  
Input variable Ductile workpiece material  Brittle workpiece material Reference 
Diamond grain size  Ti Glass   [9, 28] 
Diamond concentration Ti Glass   [9, 28] 
Bond type Ti Glass   [9, 28] 
Diamond type * Glass   [28] 
Ultrasonic vibration amplitude * Glass   [28] 
Ultrasonic vibration frequency * Glass   [28] 
Rotational speed * * 
Feedrate * * 
Workpiece Material * * 
Support length * * 
Tool design Ti *   [6] 
Static force * * 
Diameter of tool * * 
* Means that no reports are available  
 
2.7 Experimental investigations on edge chipping 
During UVAG of brittle materials, “there is a tendency for machined rod to break-off 
before the tool has cut through the workpiece. This phenomenon gives rise to edge chipping at 
the exit of hole” [11]. Edge chipping includes two parameters: chipping thickness and size. They 
were measured on the rod or on the hole, as shown in Figure 2.8, and by a vernier caliper or a 
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microscope [11, 20]. 
Edge chipping is not acceptable on finished workpieces, since it “not only compromises 
geometric accuracy, but also causes possible failure of the component during service” [67], so it 
has to be machined off by extra processes after UVAG. The larger the edge-chipping thickness, 
the higher the total machining cost. Furthermore, it was stated that Ra is not enough to estimate 
hole quality in CMC drilling, and “chippings are the key barrier of drilling high-quality holes on 
CMC panels”, so chipping size and thickness were utilized to estimate the hole quality in UVAG 
of CMC [22]. 
 
Figure 2.8 Illustration of edge chipping [20] 
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Experimental investigations on edge chipping of brittle materials are summarized in 
Table 2.5. Four materials and five input variables were studied. It was found that chipping 
thickness and size were inversely proportional to rotational speed and diamond grain size and 
proportional to feedrate and vibration amplitude [7, 11, 13, 20, 22, 67]. In UVAG of SiC, no 
significant interactions has been found [7], while in UVAG of CMC and alumina, there existed 
interaction effects among input variables [13, 22]. In addition, it was reported that edge-chipping 
thickness could be reduced by increasing the support length [20, 39]. However, no research has 
been reported on effects of tool design up to date.  
 
Table 2.5 Experimental investigations on edge chipping in UVAG  
Input variable Brittle workpiece material Reference 
Diamond grain size Al2O3, SiC [7, 12-13] 
Diamond concentration * 
Bond type * 
Diamond type *   
Ultrasonic vibration amplitude Al2O3, Dental ceramics, SiC, CMC [7, 11-13, 22] 
Ultrasonic vibration frequency * 
Spindle speed Al2O3, Dental ceramics, SiC, CMC [7, 11-13, 22] 
Feedrate Al2O3, Dental ceramics, SiC, CMC [7, 11-13, 22] 
Material mechanical property * 
Support length Al2O3 [20] 
Tool design * 
Static force *  
Diameter of tool *   
* Means that no reports are available  
 
2.8 Concluding remarks 
Large amount of research work on UVAG has been carried out. The research work 
focused on theoretical and experimental investigations. This paper reviewed the literature on 
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experimental investigations of UVAG. Tables 2.1-2.5 summarize experimental investigations 
reported on five output variables.  
According to these tables, among all reported experimental investigations, only two types 
of ductile materials (Ti and stainless steel) have been investigated and all the experiments were 
conducted by the same research group. Also, totally only seven input variables are studied in 
their experiments. Thus, in order to comprehensively understand the mechanisms of UVAG of 
ductile materials, one future research direction could be to investigate more input variables and 
with more types of ductile materials.  
From section 2.3 to section 2.7, mechanical properties of workpiece material may play an 
important role for the inconsistences among reported experimental results. However, no reports 
have been focused on this topic. In order to understand and explain these inconsistences, 
mechanical properties of workpiece material could be the third research direction.  
Several DOE experiments have been conducted to study interaction effects of input 
variables on output variables. It has been showed that even for same workpiece material, 
different researchers got different experiment results. This may be due to their different 
experimental conditions, but also may be due to large number of input variables and data range 
of variables. Ultrasonic vibration amplitude, rotational speed and feedrate are the most frequently 
studied input variables. Higher cost and longer duration of time will be required to study other 
input variables, such as diamond grain size and concentration, bond type and diamond type, and 
diameter of tool. Especially, vibration frequency cannot be changed on most UVAG machines 
since it was usually fixed when the machines were built.  
The last direction could be about tool wear. Only little research was done on this topic. 
Many input variables can affect tool wear, such as tool design, machining variables, coolant, 
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workpiece, etc. Effects of most of these input variables on tool wear have not been 
systematically studied.  
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 Abstract 
Ultrasonic-vibration-assisted grinding (UVAG), or rotary ultrasonic machining (RUM), 
has been investigated both experimentally and theoretically. Effects of input variables on output 
variables in UVAG of brittle materials and titanium (Ti) have been studied experimentally. 
Models to predict material removal rate in UVAG of brittle materials have been developed. 
However, there is no report on models of cutting force in UVAG. This paper presents a physics-
based predictive model of cutting force in UVAG of Ti. Using the model developed, influences 
of input variables on cutting force are predicted. These predicted influences are compared with 
those determined experimentally. This model can serve as a useful template and foundation for 
development of cutting force models in UVAG of other materials (such as ceramics and stainless 
steels) and models to predict torque, cutting temperature, tool wear, and surface roughness in 
UVAG. 
Keywords: Cutting force; Drilling; Grinding; Machining; Titanium; Ultrasonic vibration. 
3.1 Introduction 
Titanium and its alloys (Ti) are attractive for many applications due to their superior 
properties [1]. These properties include high strength-to-weight ratio [2,3], creep strength, 
fatigue strength, fracture toughness, fabricability [1], heat and corrosion resistance at elevated 
temperature, and shock resistance [2,3]. Besides the aerospace industry that uses 60% of the 
titanium [4,5], Ti is also used in such industries as military [6,7], automotive [8], chemical 
[9,10], medical [11,12], and sporting goods [13].  
Many Ti components require drilling operations. However, Ti is notorious for its poor 
machinability [14], resulting in high cost and low efficiency with current drilling methods. 
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Increasing use of Ti/composite stacks in the aerospace industry presents even greater challenges. 
Therefore, there is a critical need to develop more cost-effective Ti drilling processes. 
Ultrasonic-vibration-assisted grinding (UVAG), also called rotary ultrasonic machining 
(RUM), has been used to drill Ti recently [15-18]. Figure 3.1 is the schematic illustration of 
UVAG. A rotary core drill with metal-bonded diamond grains is ultrasonically vibrated and fed 
towards the workpiece. Coolant pumped through the core of the drill washes away the swarf, 
prevents jamming of the drill and keeps it cool. 
 
 
Figure 3.1  Illustration of ultrasonic-vibration-assisted grinding (after [19]) 
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Since it was invented in 1960’s [20], UVAG has been used primarily to drill brittle 
materials. Effects of input variables (diamond concentration, grain size, and type; bond type; 
vibration amplitude and frequency; spindle speed; and coolant type and pressure) on output 
variables (cutting force, material removal rate, and surface roughness) in UVAG of brittle 
materials have been investigated experimentally [21-27].  
Churi et al. [15-18] were the first to perform feasibility experiments on UVAG of Ti. 
They also investigated effects of input variables (diamond concentration, diamond grain size, 
vibration power, spindle speed, and feedrate) on four output variables (cutting force, material 
removal rate, tool wear, and surface roughness) in UVAG of Ti.  
In the literature, there are no physics-based models for UVAG of metals. For UVAG of 
ceramics, there exist several models [28-32] to predict material removal rate (MRR) but no 
physics-based models to predict cutting force. Furthermore, these existing models were 
developed for one type of UVAG machines that use constant pressure (or force) to feed the tool 
into the workpiece. These models do not apply to another type of machines that employ constant 
feedrate (instead of constant pressure). For this type of UVAG machines, there is no need to 
predict MRR since MRR is determined by feedrate. Physics-based models that can predict 
cutting force, cutting temperature, tool wear, and surface roughness will shed light on 
experimentally observed phenomena and provide fundamental understanding in UVAG of Ti. 
This paper presents a physics-based predictive model for cutting force in UVAG of Ti. It 
first describes the model development step by step. Afterwards, using this developed model, it 
predicts influences of input variables (diamond grain number, diamond grain size, vibration 
amplitude, vibration frequency, spindle speed, and feedrate) on cutting force (and on 
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intermediate variables used in some steps of the model development). Finally, these predicted 
influences are compared with experimental results. 
3.2 Model development  
3.2.1 Approach to model development 
Many grinding force models [33-38] began with an analysis of single abrasive grain. The 
total grinding force was then derived by summing up the forces on all abrasive grains taking part 
in cutting. A similar approach is used in this paper to develop the cutting force model in UVAG 
of Ti. Several assumptions and simplifications are listed below: 
1) Diamond grains are rigid spheres of the same size; 
2) Diamond grains located on the tool end surface have the same height, and all of 
them take part in cutting during each ultrasonic vibration cycle;  
3) Workpiece material is rigid-plastic; 
The volume of material removed by a diamond grain in one vibration cycle is 
approximately equal to the intersection volume between the diamond grain and the workpiece.  
3.2.2 Relation between Fc and δ 
In UVAG, the tool is fed into workpiece by a constant feedrate V. The tool is not in 
continuous contact with the workpiece due to its oscillatory motion. When a diamond grain 
penetrates into the workpiece to the maximum depth δ, the force acting on this diamond grain 
will be nFc / , where Fc is the maximum contact force between the tool and workpiece and n the 
number of diamond grains taking part in cutting. 
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The interaction between a diamond grain and the workpiece may be considered as a 
penetration process. Since the workpiece material is assumed to be rigid-plastic, the penetration 
depth δ can be obtained by [39]:                                                                                                                                
                                                                 B
n
F
y
c                                                           (1) 
Where, 
Fc = maximum contact force between tool and workpiece 
n = Number of diamond grains taking part in cutting 
σy = Compressive strength of workpiece material  
B = Projected area of the intersection between diamond grain and workpiece onto the 
plane of the workpiece surface 
 
 
Figure 3.2  Relation between project area B and penetration depth δ 
 
 
 
 
   
 
 
 
 
δ 
r  rB  
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Since the diamond grains are assumed to be rigid spheres, penetration depth δ and B are 
related by the following equation (see Figure 3.2):  
     )2(   rB                                                            (2) 
where r is the radius of spherical diamond grains. 
Combining Eqs. (1) and (2), the following relation between Fc and δ can be obtained: 
             r
n
F
y
c 2                                                             (3) 
3.2.3 Relation between F and Fc 
Fc is the maximum contact force between tool and workpiece. It is not the same as F, the 
cutting force observed during Ti UVAG experiments. The relation between F and Fc can be 
derived by equaling the impulse in terms of Fc to the impulse in terms of F during each vibration 
cycle.  
Since it is assumed that the diamond grains are incompressible, the impulse in terms of 
the maximum contact force Fc during one cycle of ultrasonic vibration is:   
                                           tFdtF ccycle c  Impulse                                                 (4)  
where t  is effective contact time (i.e. the period of time during which the diamond 
grains have penetrated into the workpiece). t  can be obtained as follows. 
Diamond grains on the tool end surface oscillate with an amplitude A and a frequency f. 
Their motions are sinusoidal. The position of each diamond grain relative to its mean position 
can be described by the following equation: 
 
                                                           ftAz 2sin                                                         (5) 
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Figure 3.3 Calculation of effective contact time Δt 
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As illustrated in Figure 3.3, it will take a diamond grain 
2
t  to move from   Az  
to Az  . So,  t  can be calculated using the following equation 
                                        


 

 
Af
ttt  1arcsin2
12 12                                   (6) 
The impulse in terms of the cutting force F during one cycle of ultrasonic vibration is: 
 
                                                    f
F
f
F  1Impulse                                                       (7) 
By equating the two impulses in Eqs. (4) and (7),  
                                                               tF
f
F
c                                                            (8) 
i.e., 
                                                     tfFF c                                                    (9) 
 
3.2.4 Relation between F and δ 
Submitting Eqs. (3) and (6) to Eq. (9), cutting force F can be expressed as: 
                                         


 

 
A
rnF y
 1arcsin
2
2                                     (10) 
On the right side of the above equation are y  (compressive strength of workpiece 
material), n (the number of diamond grains taking part in cutting), δ (the penetration depth of 
diamond grains into workpiece), r (diamond grain radius), and A (vibration amplitude). All of 
them except δ are known. So, if δ is determined, cutting force F can be predicted.  
3.2.5 Relation between W and δ 
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W is the volume of material removed by a diamond grain during one vibration cycle. It is 
also the intersection volume between the diamond grain and workpiece. It was calculated using 
commercial software SolidWorks (SolidWorks Corp, Concord, Massachusetts, USA). 
In ultrasonic-vibration-assisted grinding (UVAG), the tool oscillates up and down and 
rotates simultaneously. Therefore, each diamond grain on the tool end surface can be considered 
as moving along a sine curve. Figure 3.4 illustrates the volume each diamond grain sweeps 
during one vibration cycle. The envelope of this volume (diamond grain swept envelope or 
DGSE) is obtained in Solidworks by sweeping a circle ( 222 rvw  ) along the Sine curve:  
               
60
0StDX   
                                                            0Y                                                                    (11) 
                                                            ftAZ 2sin  
where t is machining time (sec). 
 
Figure 3.4 Diamond grain swept envelope (DGSE) 
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The two coordinate systems used to represent the circle and since curve are illustrated in 
Figure 3.5. The sine curve is in the x-z plane. The origin of the u-v-w coordinate system is 
always on the sine curve. The u axis is tangent to the sine wave. The u-w plane is in the x-z plane 
and the v axis is always parallel to the y axis. 
In Solidworks, Eq. (11) was used to form the DGSE, as illustrated in Figure 3.6. Once the 
DGSE is obtained in Solidworks, for each value of W, a unique value of δ can be calculated. 
 
 
Figure 3.5 Two coordinate systems for deriving DGSE 
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Figure 3.6 between intersection volume W and penetration depth δ 
 
 
 
 
 
 
3.2.6 Relation between W and input variables 
Material removal rate (MRR, mm3/sec) can be obtained by: 
   nfwMRR                                                         (12) 
It can also be expressed in terms of feedrate V (mm·s-1): 
     
4
22
0 iDDvMRR                                                             (13) 
where D0 and Di are the outer and inner diameters of the cutting tool, (mm), respectively. 
From Eqs. (12) and (13), the relation between W and input variables can be expressed as: 
 
δ 
W 
DGSE 
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                                                              
nf
DDvw i
4
22
0                                                   (14) 
3.2.7 Relation between F and input variables 
 As shown in Eq. (10), cutting force F can be determined from indentation depth δ and 
four input variables (compressive strength of workpiece material y , diamond grain number n, 
diamond grain radius r, and vibration amplitude A). δ can be obtained for every value of W using 
Solidworks once DGSE is determined by these input variables: outer diameter of cutting tool D0, 
spindle speed S, vibration amplitude A, vibration frequency f, and diamond grain radius r. As 
shown in Eq. (13), W can be calculated from these input variables: feedrate V, outer diameter of 
cutting tool D0, inner diameter of cutting tool Di, diamond grain number n, and vibration 
frequency f. Therefore, cutting force F can be predicted from input variables. 
3.3 Influences of input variables on cutting force 
In the previous section, a physics-based predictive model was developed for the cutting 
force in UVAG of Ti. In this section, the developed model is used to predict how individual 
input variables influence the cutting force. Throughout the calculation, the compressive strength 
of Ti was taken as 370 N/mm2, and the outer and inner diameters of cutting tool were 9.6 mm 
and 7.8 mm, respectively. 
Predicted relations between cutting force F and diamond grain number n are plotted in 
Figure 3.7.  Figure 3.8 shows changes of intermediate variables with diamond grain number n. 
As diamond grain number n increases, intersection volume W will decrease according to Eq. 
(14). When intersection volume W decreases, the penetration depth δ (calculated with 
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Solidworks) also decreases (note that DGSE will not be affected by a change in diamond grain 
number). A decrease in penetration depth δ will result in decrease in both contact force of single 
diamond grain  
n
Fc    (according to Eq. (3)) and effective contact time t  (according to Eq. (6)). 
However, Contact force (    rnF yc 2 ) will increase because diamond grain number n 
increases at a much faster rate than the rate at which penetration depth δ decreases. In Eq. (9),
 
tfFF c , as diamond grain number n increases, vibration frequency f will remain unchanged, 
contact force Fc will increase at a much faster rate than the decreasing rate of  effective contact 
time t , and therefore, cutting force F will increase.  
 
 
Figure 3.7 Relation between diamond grain number and cutting force 
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Figure 3.8 Influence of diamond grain number       
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Predicted relations between cutting force F and diamond grain radius r are plotted in 
Figure 3.9.  Changes of intermediate variables with diamond grain radius r are shown in Figure 
3.10. As diamond grain radius r increases, the shape of DGSE will change as illustrated in Figure 
3.11, while intersection volume W remains unchanged according to Eq. (14). Therefore, as 
diamond grain radius r increases, penetration depth δ will decrease to keep the intersection 
volume W unchanged, resulting in a decrease of effective contact time t  according to Eq. (6). 
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Also, contact force Fc will increase according to Eq. (3). Furthermore, as diamond grain radius r 
increases, vibration frequency f will remain unchanged, contact force Fc will increase at a much 
faster rate than the decreasing rate of effective contact time t , and therefore, according to Eq. 
(9), cutting force F will increase.  
 
 
Figure 3.9 Relation between diamond grain radius and cutting force 
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Figure 3.10 Influence of diamond grain radius      
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Predicted relations between cutting force F and vibration amplitude A are plotted in 
Figure 3.12. Figure 3.13 shows changes of intermediate variables with vibration amplitude A. As 
vibration amplitude A increases, the shape of DGSE will change as illustrated in Figure 3.14. As 
vibration amplitude A increases, intersection volume W remains unchanged according to Eq. 
(14), so penetration depth δ will have to increase. According to Eq. (3), contact force Fc will 
increase as penetration depth δ increases. Therefore, according to Eq. (6), effective contact time 
t  will decrease. Finally, the decrease of effective contact time t  overweighs the increase of 
contact force Fc, resulting in a decrease in cutting force F, according to Eq. (9). 
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Figure 3.11 Change in DGSE shape as diamond grain radius changes 
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Figure 3.12 Relation between vibration amplitude and cutting force 
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Figure 3.13 Influence of vibration amplitude   
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Figure 3.14 Change in DGSE shape as vibration amplitude changes 
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Predicted relations between cutting force F and vibration frequency f are plotted in Figure  
3.15. Figure 3.16 shows changes of intermediate variables with vibration frequency f. As 
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frequency f increases, the shape of DGSE will change as illustrated in Figure 3.17. As frequency 
f increases, intersection volume W will decrease according to Eq. (14), so penetration depth δ 
will decrease. And as penetration depth δ decreases, both contact force Fc and effective contact 
time t  will decrease according to Eqs. (3) and (6), and their decreasing rate is faster than the 
increasing rate of vibration frequency f.  From Eq. (9), cutting force F will decrease. 
 
Figure 3.15 Relation between vibration frequency and cutting force 
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Figure 3.16 Influence of vibration frequency 
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Predicted relations between cutting force F and spindle speed S are plotted in Figure 3.18.  
Figure 3.19 shows changes of intermediate variables with spindle speed S. As spindle speed S 
increases, intersection volume W remains unchanged, according to Eq. (14). As spindle speed S 
increases, since DGSE will change its shape as illustrated in Figure 3.20, penetration depth δ will 
decrease. As penetration depth δ decreases, both contact force Fc and effective contact time t  
will decrease according to Eqs. (3) and (6).  From Eq. (9), with vibration frequency f remains 
unchanged as spindle speed S increases, cutting force F will decrease.  
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Figure 3.17 Change in DGSE shape as vibration frequency changes 
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Figure 3.18 Relation between spindle speed and cutting force 
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Figure 3.19 Influence of spindle speed 
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Figure 3.20 Change in DGSE shape as spindle speed changes 
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Predicted relations between cutting force F and feedrate V are plotted in Figure 3.21. 
Changes of intermediate variables with feedrate V are shown in Figure 3.22. As feedrate V 
increases, intersection volume W will increase according to Eq. (14).  Since the DGSE shape 
remains unchanged as feedrate V increases, penetration depth δ will increase as intersection 
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δ2 
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volume W increases, and therefore, contact force Fc and effective contact time t  will increase 
according to Eqs. (3) and (6). From Eq. (9), cutting force F will increase. 
 
 
 Figure 3.21 Relation between feedrate and cutting force 
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Figure 3.22 Influence of federate 
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3.4 Comparison with experimental results 
 Experiments were conducted to study the influences of input variables on cutting force 
[16, 17]. A machine of Sonic Mill Series 10 (Sonic-MillR, Albuquerque, NM, USA) was used to 
perform the experiments. The workpiece material was titanium alloy (Ti-6Al-4V). Diamond 
cutting tools were provided by N.B.R. Diamond Tool Corp. (LaGrangeville, NY, USA). 
65 
 
Mobilemet® S122 water-soluble cutting oil (MSC Industrial Supply Co., Melville, NY, USA) 
was used as the coolant (diluted with water at 1 to 20 ratio). The experimental conditions are 
shown in Table 3.1 and the experimental results are shown in Figures  3.23-3.27. 
 
 
Table 3.1 Experimental condition [16,17] 
 
Parameter Unit Value 
Vibration frequency KHz 20 
Ultrasonic power * % 30, 40, 50, 60 
Feedrate mm·s-1 0.06, 0.14, 0.19, 0.25 
Spindle speed rpm 2000, 3000, 4000, 6000 
Outer diameter of tool mm 9.6 
Inner diameter of tool mm 7.8 
Diamond grain size  mesh 60/80, 80/100 
Diamond concentration  80, 100 
* Ultrasonic power controls the amplitude of ultrasonic vibration. 
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Figure 3.23 Experimental relation between diamond concentration and cutting force (after 
[17]). 
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Figure 3.24 Experimental relation between diamond grain size and cutting force (after 
[17]). 
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Figure 3.25 Experimental relation between ultrasonic power and cutting force (after [16]) 
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Figure 3.26 Experimental relation between spindle speed and cutting force (after [16]) 
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Figure 3.27 relation between feedrate and cutting force (after [16]) 
 
 
 
Comparing with Figs. 3.7, 3.9, 3.12, 3.18, and 3.21, it can be seen that the trends of 
predicted influences of input variables on cutting force agree well with experimental results 
except that of diamond grain number. The inconsistence may be due to the following reason. The 
influences of diamond grain number on cutting force were predicted based on the assumption 
that everything else was the same when the diamond grain number changed. In experiments, two 
different tools (or grinding wheels) were used, one with diamond concentration of 80, and the 
other 100. There was no guarantee that the two wheels were made exactly the same except 
diamond concentration. Further experimental investigations on the influences of diamond 
concentration are planned and the results will be reported later. 
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3.5 Conclusions  
A physics-based cutting force model in ultrasonic-vibration-assisted grinding (UVAG) of 
titanium has been developed. The model was used to predict the influences of input variables on 
cutting force. These predictive influences were compared with those determined experimentally. 
The trends of predicted influences of input variables on cutting force agree well with 
experimental results (except that of diamond concentration). These predicted trends are 
summarized below. 
The cutting force will increase as diamond grain number, diamond grain radius, and 
feedrate increase. It will decrease as vibration amplitude, vibration frequency, and spindle speed 
increase. 
This model is the first cutting force model in UVAG. It can serve as a useful template for 
development of cutting force models in UVAG of other materials (such as ceramics and stainless 
steels) and models to predict torque, cutting temperature, tool wear, and surface roughness in 
UVAG. 
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  Abstract 
A mechanistic model for cutting force in ultrasonic-vibration-assisted grinding (UVAG) 
(also called rotary ultrasonic machining) of brittle materials is proposed for the first time. 
Fundamental assumptions include: (1) brittle fracture is the dominant mechanism of material 
removal, and (2) the removed volume by each diamond grain in one vibration cycle can be 
related to its indentation volume in the workpiece through a mechanistic parameter. Experiments 
with UVAG of silicon are conducted to determine the mechanistic parameter for silicon.  With 
the developed model, influences of six input variables on cutting force are predicted. These 
predicted influences are also compared with those determined experimentally for silicon and 
several other brittle materials.  
Keywords: Brittle material; Cutting force; Grinding; Machining; Silicon; Ultrasonic 
vibration. 
4.1  Introduction 
Ultrasonic-vibration-assisted grinding (UVAG), also known as rotary ultrasonic 
machining (RUM), is illustrated in Figure 4.1. A rotary core drill with metal-bonded diamond 
grains vibrates at an ultrasonic frequency and is fed towards the workpiece. Coolant pumped 
through the core of the drill washes away the swarf, prevents jamming of the drill and keeps it 
cool. 
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Figure 4.1 Illustration of ultrasonic-vibration-assisted grinding (after [1]) 
 
 
 
 
 
 
 
 
 
 
 
Reported experimental studies on UVAG of brittle materials [2-16] are primarily focused 
on relationships between input variables (diamond concentration, grain size, and type; bond type; 
vibration amplitude and frequency; spindle speed; feedrate; coolant type and pressure) and 
output variables (cutting force, material removal rate, edge chipping, and surface roughness). 
Reported modeling work on UVAG of brittle materials [17-20] is concentrated on predicting 
material removal rate (MRR). In the literature, there exist no models to predict cutting force for 
UVAG of brittle materials.  
This paper presents a mechanistic model for cutting force in UVAG of brittle materials 
using silicon as an example. It first describes the model development step by step. Afterwards, 
with the developed model, influences of six input variables (diamond grain number and grain 
diameter, vibration amplitude and frequency, spindle speed, and feedrate) on cutting force (and 
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on intermediate variables used in some steps of the model development) are predicted. Then, the 
predicted influences are compared with those determined experimentally for silicon and several 
other brittle materials. 
4.2  Model development  
4.2.1 Model assumptions and simplification 
Ultrasonic-vibration-assisted grinding (UVAG) is a hybrid machining process that 
combines the material removal mechanisms of ultrasonic machining and diamond grinding. In 
the model presented in this paper, ultrasonic machining was considered as the dominant process 
and brittle fracture was the dominant mode of material removal. Effects of the rotating motion of 
the tool were taken into consideration via its effects on the indentation volume by each diamond 
grain into the workpiece. Development of the model started with an analysis of single diamond 
grain. The cutting force for individual diamond grain was obtained first. Then the total cutting 
force was derived by summing up the forces on all diamond grains taking part in cutting. Similar 
approaches were followed by others to develop grinding force models [21-26].  
1) The model was based on the following assumptions and simplifications: 
2) Diamond grains were rigid spheres of same size; 
3) Diamond grains located on the tool end surface had the same height of extrusion, 
and all of them took part in cutting during each ultrasonic vibration cycle;  
4) The workpiece material was an ideally brittle material. 
Additional assumptions were also used and will be presented in subsequent sections. 
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4.2.2 Relation between maximum contact force on individual diamond grain Fc/n and 
maximum indentation depth δ 
During UVAG, the tool is fed into the workpiece with a constant feedrate, but the tool is 
not in continuous contact with the workpiece due to its oscillatory motion. In each vibration 
cycle of the tool, a diamond grain on the end surface of the tool will make contact with the 
workpiece for a certain period of time (called effective contact time). When a diamond grain 
penetrates into the workpiece to maximum indentation depth δ, maximum contact force on the 
diamond grain will be Fc/n (and maximum contact force on all diamond grains on the end 
surface of the tool is Fc). 
 
Figure 4.2 Indentation of a diamond grain into the workpiece 
 
 
 
Diameter d 
     Maximum 
indentation depth δ 
Maximum contact force Fc /n 
Diamond grain  
Workpiece 
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Hertz equation [27] was used to relate maximum contact force Fc/n to maximum 
indentation depth δ. Hertz equation is strictly applicable only up to the point of initial surface 
fracture. However, according to Sheldon and Finnie [28], even after cracking occurred, Hertz 
equation might be used to predict the indentation depth of a grain into a surface within certain 
ranges. Therefore, maximum contact force Fc/n on individual grain can be expressed as follows 
[29]: 
                                               
2
1
3
2
219
8



 


  d
E
n
Fc                                                  (1) 
where E and ν are Young's modulus and Poisson's ratio of workpiece material, 
respectively, n is the number of diamond grains taking part in cutting, d is diamond grain 
diameter, and δ is maximum indentation depth, as illustrated in Figure 4.2. δ is the only unknown 
parameter on the right side of Eq. (1). It can be related to the indentation volume of a diamond 
grain into the workpiece, as discussed in the next section. 
4.2.3 Relation between maximum indentation depth δ and indentation volume U 
Maximum indentation depth δ can be related to U, the indentation volume of a diamond 
grain into the workpiece in one vibration cycle. During each vibration cycle, the diamond grain 
moves a distance of L while in contact with the workpiece due to the rotating motion of the tool, 
and the indentation depth of a diamond grain into the workpiece changes from 0 to δ, and then 
changes back to 0. In the mean time, the contact width between a diamond grain and the 
workpiece surface also changes from 0 to some maximum value and then back to 0. 
Consequently, the indentation volume will be a shape of part of an ellipsoid. As shown in Figure  
4.3, the cross section of the indentation volume in plane XY (the plane that is parallel to the 
81 
 
workpiece surface) is an ellipse with semimajor axis of 


 
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221
2 d
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2 d
zd , where z is the z-coordinate of this cross-section. So the indentation volume can 
be calculated by integration: 
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Figure 4.3 Illustration for calculation of indentation volume 
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The result of the integration is:  
                                                      

 
3322
2 
d
LLdU                                          (3) 
The distance L moved by a diamond grain while in contact with the workpiece can be 
expressed as: 
 
60
tSD
L o
                                                          (4) 
where Do is the outer diameter of the cutting tool, S is spindle speed in rpm (revolution 
per minute),  t  is effective contact time (i.e., the period of time during which the diamond grain 
has penetrated into the workpiece). t can be obtained as follows.  
The motion of each diamond grain (on the tool end surface) could be considered as 
sinusoidal. The diamond grain oscillates with an amplitude A and a frequency f. The position of 
each diamond grain relative to its mean position at any given time t can be described by the 
following equation: 
                                                           ftAz 2sin                                                         (5) 
The equation can be expressed in a different way: 
                                                          
A
z
f
t arcsin
2
1
                                                       (6)  
As illustrated in Figure 4.24, it would take  
2
t  for a diamond grain to move from 
)(  Az  to Az  . So, Az  , t  can be calculated as: 
                                      
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Figure 4.4 Calculation of effective contact time Δt 
 
 
 
 
     
 
 
Substituting Eqs. (4) and (7) into Eq. (3), the relation between U and δ can be obtained 
as: 
A 
Tool 
0 
z 
A 
δ
Mean 
Workpiece 
z 
Δt
δ
- (A-δ)
- A
t
z = A· sin (2πft) 
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This equation relates δ to U, the indentation volume of a diamond grain into the 
workpiece in one vibration cycle. As shown in the following sections, U can be obtained from 
input variables.      
4.2.4 Relation between indentation volume U and removed volume W 
Let W denotes the removed volume by one diamond grain during one vibration cycle. It is 
assumed that W and U have the following relation:    
                                                                    kUW                                                       (9) 
where k is a mechanistic parameter that would include multiple considerations. For 
example, it may take more than one vibration cycles to remove the indentation volume U. 
Furthermore, since the cracks responsible for material removal may initiate and propagate 
outside the indentation volume, the removed volume may be larger than the indentation volume. 
This parameter k has to be determined experimentally for a specific workpiece material. The 
procedure to obtain k experimentally will be illustrated in section 3. 
4.2.5 Relation between removed volume W and input variables  
If W is the volume removed by a diamond grain in a vibration cycle, material removal 
rate (MRR) will be given by: 
                                                               nfwMRR                                                       (10) 
where n is the number of diamond grains taking part in cutting and f is the frequency of 
the vibration. 
MRR can also be calculated from input variables: 
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 
4
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io DDvMRR                                                   (11)        
where V is feedrate, Di and Do are the inner and outer diameters of cutting tool. 
The relation between W and input variables can be obtained by substituting Eq. (10) into 
Eq. (11). 
 
nf
DDvw io
4
22                                                   (12)   
2.6  Cutting force of individual diamond grain  
n
F  
Since diamond grains are assumed incompressible, the impulse in terms of maximum 
contact force for individual diamond grain Fc/n during one vibration cycle is:          
                                                  t
n
F
dt
n
F c
cycle
c  Impulse                                          (13)      
The impulse in terms of the cutting force for individual diamond grain F/n during one 
vibration cycle is: 
                  
nf
FImpulse                                                               (14) 
By equating the two impulses in Eqs. (13) and (14), the following relation can be 
obtained: 
    tf
n
F
n
F c                                                                 (15)                        
 Substituting Eqs. (1) and (7) to Eq. (15), the cutting force of individual diamond grain 
F/n can be expressed as: 
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4.2.6 Cutting force F 
The cutting force F observed during experiments can be obtained if multiplying the 
cutting force for individual diamond grain F/n by the number of the diamond grains taking part 
in cutting n.                                                           
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 On the right side of this equation, every item except δ is known once input variables are 
known. δ is maximum indentation depth of a diamond grain into the workpiece. As discussed in 
sections 4.3.3 and 4.3.4, δ can be calculated from the indentation volume of a diamond grain U, 
and U is related to W (the removed volume by a diamond grain within one vibration cycle) 
through a mechanistic parameter k. This k has to be determined by experiments.                                                     
4.3  Determination of mechanistic parameter k using experiments 
4.3.1 Experiment set up 
A rotary ultrasonic machine of Sonic Mill Series 10 (Sonic-Mill, Albuquerque, NM, 
USA) was used to perform the experiments. The workpiece material was silicon and the size was 
10 mm×10 mm×0.84 mm. Each workpiece was cut from silicon wafers that had a diameter of 
200 mm. For silicon, Yong’s modulus E = 126 GPa, Poisson ratio ν = 0.3. 
The diamond cutting tool was provided by N.B.R. Diamond Tool Corp. (LaGrangeville, 
NY, USA). The mesh size of the diamond grains was 80/100. The outer and inner diameters of 
the cutting tool were Do= 9.6 mm and Di = 7.8 mm, respectively. Water-soluble Quakercool 
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6010 cutting fluid (Murdock Industrial Supply Co., Wichita, KS, USA) was used as the coolant 
(diluted with water at 1:14 ratio).  The cutting force was measured using a Kistler 9272 
piezoelectric dynamometer (Kistler Instrument Corp, Amherst, NY, USA). 
4.3.2 Design of experiments  
A 23 (three variables, two levels) full factorial design was employed. Table 4.1 shows the 
values of low and high levels of three variables. There were eight different combinations and two 
replicated tests were conducted for each combination, bringing the total number of tests to 16, as 
shown in Table 4.2. Commercial software Minitab 14 (Minitab, Inc., State College, PA, USA) 
was used to generate a random order for these tests as well as to assist in processing the 
experimental data.  
 
 
Table 4.1 Low level and high level of process variables 
 
 
Variable Unit Low level High level 
Vibration amplitude A mm 0.008 0.015 
Spindle speed S rpm 2000 4000 
Feedrate V mm·s-1 0.013 0.026 
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Vibration amplitude was determined by ultrasonic power. A series of experiments were 
conducted to establish the relationship between ultrasonic power and vibration amplitude and the 
results will be published in a separate paper [30]. Vibration amplitudes were 0.008 mm with 25% 
ultrasonic power (for the low level) and 0.015 mm with 50% ultrasonic power (for the high 
level).  
Diamond grain number n was measured with a microscope DVM-1 (Olympus American, 
Inc., Melville, NY, USA). Four areas having about the same size of 0.6 mm×0.6 mm at 
different locations on the tool surface were observed. The number of diamond grains on each of 
these areas was counted. The average was 3. The total area of the tool end surface was 



 
44
22
io
DD , and  Do= 9.6 mm, Di = 7.8 mm. Therefore the number of diamond grains on the 
tool end surface was approximately 65. 
4.3.3 Experiment results 
Experimental results on cutting force are presented in 4.2. Table 4.2 also includes values 
of mechanistic parameter k for each test.  
For each test, the measured value of cutting force F and the values of input variables 
were used to calculate δ using Eq. (17), U using Eq. (8), and W using Eq. (12). The ratio of W/U 
was taken as the value of mechanistic parameter k. Since there were 16 k tests, 16 values of k 
were obtained from the experiments. Figure 4.5 shows a plot of these 16 values vs. maximum 
indentation depth δ. It shows that k is dependent on maximum indentation depth δ and feedrate 
V. The plot also indicates the following possible relation: 
                                                   
 Vak                                                                 (18) 
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Table 4.2 Experimental results on cutting force F and mechanistic parameter k 
 
Order A (mm) S (rpm) V (mm·s-1) F (N) k 
1 0.008 2000 0.013 50.4  1.44  
2 0.008 2000 0.013 53.2  1.35  
3 0.008 4000 0.013 42.0  1.74  
4 0.008 4000 0.013 37.8  1.99  
5 0.015 2000 0.013 58.8  1.11  
6 0.015 2000 0.013 56.0  1.18  
7 0.015 4000 0.013 43.4  1.58  
8 0.015 4000 0.013 40.6  1.72  
9 0.008 2000 0.026 84.0  1.53  
10 0.008 2000 0.026 75.6  1.74  
11 0.008 4000 0.026 42.0  3.49  
12 0.008 4000 0.026 39.2  3.80  
13 0.015 2000 0.026 103.6  1.09  
14 0.015 2000 0.026 106.4  1.05  
15 0.015 4000 0.026 44.8  3.04  
16 0.015 4000 0.026 47.6  2.81  
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Figure 4.5 Relationship between mechanistic parameter k and maximum indentation depth 
δ 
 
 
 
Multiple linear regression of experimental data was used to obtain the estimates of , α 
and β. First, Eq. (18) was converted into a linear equation using the log function. Then, the 
multiple linear regression method [31] was used with one dependent variable (k) and two 
independent variables (δ and V). The estimates of a, α and β were found to be 1.03×10-4, -1.93, 
and 0.97, respectively.  
Figure 4.6 is another plot of the 16 k values against ）Vδ.（ .. 970931410031  .  It indicates that 
Eq. (18) (together with the obtained estimates of a, α and β) fits the experiment data well.  
In the previous sections, a mechanistic model was developed for the cutting force in 
UVAG of brittle materials using silicon as an example. In this section, the developed model is 
used to predict how individual input variable influence the cutting force. Material properties and 
mechanistic parameter k of silicon were used in the predictions.   
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Figure 4.6 Relationship between mechanistic parameter k and maximum indentation depth 
δ  and feedrate V 
 
4.4  Influences of input variables on cutting force 
4.4.1 Diamond grain number n 
Predicted relationships between cutting force F and diamond grain number n are plotted 
in Figure 4.7.  Figure 4.8 shows changes of intermediate variables with diamond grain number n. 
if diamond grain number n increases, since feedrate V keeps constant, the material removal rate 
(MRR) also keeps constant, so maximum indentation depth δ should decrease to keep the same 
MRR. The decrease in maximum indentation depth δ will result in a decrease in maximum 
contact force Fc/n of individual diamond grain (according to Eq. (1)) and in effective contact 
time Δt (according to Eq. (7)). Because maximum indentation depth δ decreases at a much faster 
rate than the rate at which the diamond grain number n increases, maximum contact force Fc on 
all diamond grains decreases. In Eq. (17), tfFF c  , if diamond grain number n increases and 
vibration frequency f remains unchanged, maximum contact force Fc and effective contact time 
Δt will decrease and, therefore, cutting force F will decrease.  
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Figure 4.7 Relation between diamond grain number and cutting force 
 
 
 
Figure 4.8 Influences of diamond grain number 
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4.4.2 Diamond grain diameter d 
Figure 4.9  Relation between diamond grain diameter and cutting force 
 
 
Figure 4.10 Influences of diamond grain diameter 
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Figure 4.9 shows the predicted relationships between diamond grain diameter d and 
cutting force F. The changes of intermediate variables with diamond grain diameter n are shown 
in Figure 4.10. If the diamond grain diameter d increases and feedrate V remains unchanged (i.e. 
MRR will not change), maximum indentation depth δ should decrease to keep MRR unchanged. 
The decrease of maximum indentation depth δ will result in a decrease in maximum contact 
force Fc and in effective contact time Δt. According to Eq. (17), tfFF c  , if diamond grain 
diameter d increases and vibration frequency f  remains unchanged, maximum contact force Fc 
and effective contact time Δt will decrease and, therefore, cutting force F will decrease. 
4.4.3 Vibration amplitude A 
Predicted relationships between cutting force F and vibration amplitude A are plotted in 
Figure 4.11.  Figure 4.12 shows changes of intermediate variables with vibration amplitude A. If 
vibration amplitude A increases, MRR and removed volume W will not change. Since k is not a 
function of vibration amplitude A, indentation volume U will not change either. To keep U 
unchanged, indentation depth δ has to increase. The increase in maximum indentation depth δ 
will result in an increase in maximum contact force Fc and decrease in effective contact time Δt. 
But the increasing rate of maximum contact force Fc is higher than the decreasing rate of 
effective contact time Δt. In Eq. (17), tfFF c  , if vibration amplitude A increases and vibration 
frequency f remains unchanged, cutting force F will increase.  
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Figure 4.11 Relation between vibration amplitude and cutting force 
 
 
 
Figure 4.12 Influences of vibration amplitude 
 
 
 
 
 
 
n = 70, d = 0.16 mm, f = 20 kHz, V = 0.02 mm·s-1, S = 3000 rpm 
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4.4.4 Vibration frequency f 
Figure 4.13 Relation between vibration frequency and cutting force 
 
 
 
Figure 4.14 Influences of vibration frequency 
 
 
 
n = 70, d = 0.16 mm, A = 0.01 mm, V = 0.02 mm·s-1, S = 3000 rpm 
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Figure 4.13 shows the predicted relationships between vibration frequency f and cutting 
force F. The changes of intermediate variables with vibration frequency f are shown in Figure  
4.14. If the vibration frequency f increases, the MRR will not change according to Eq. (11). 
Based on Eq. (10), removed volume W has to decrease to keep MRR unchanged. Since k is not a 
function of f, indentation volume U will decrease too. Therefore, maximum indentation depth δ 
should decrease. The decrease of maximum indentation depth δ will result in a decrease in 
maximum contact force Fc and effective contact time Δt. According to Eq. (17) tfFF c  , if 
vibration frequency f increases, the decreasing rate of maximum contact force Fc and effective 
contact time Δt is larger than the increasing rate of vibration frequency f, so cutting force F will 
decrease. 
4.4.5 Spindle speed S 
Predicted relationships between cutting force F and spindle speed S are plotted in Figure  
4.15.  Figure 4.16 shows changes of intermediate variables with spindle speed S. If spindle speed 
S increases, MRR (and hence W and U) will not change, but L will increase. Maximum 
indentation depth δ should decrease to keep indentation volume U the same. The decrease in 
maximum indentation depth δ will result in a decrease in maximum contact force Fc and decrease 
in effective contact time Δt. From Eq. (17), tfFF c  , if spindle speed S increases and vibration 
frequency f remains unchanged, both maximum contact force Fc and effective contact time Δt 
will decrease, so cutting force F will decrease.  
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Figure 4.15 Relation between spindle speed and cutting force. 
 
 
 
Figure 4.16 Influences of spindle speed 
 
 
 
 
n = 70, d = 0.16 mm, A = 0.01 mm, f = 20 kHz, V = 0.02 mm·s-1 
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4.4.6 Feedrate V 
 
Figure 4.17 Relation between feedrate and cutting force 
 
 
Figure 4.18  Influences of feedrate 
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Predicted relationships between cutting force F and feedrate V are plotted in Figure 4.17.  
Figure 4.18 shows changes of intermediate variables with feedrate V. If feedrate V increases, 
MRR (and hence W) will increase. Consequently, maximum indentation depth δ should increase. 
The increase in maximum indentation depth δ will result in an increase in maximum contact 
force Fc and an increase in effective contact time Δt. From Eq. (17), tfFF c  , if feedrate V 
increases and vibration frequency f remains unchanged, maximum contact force Fc and effective 
contact time Δt will increase, so cutting force F will increase. 
4.5  Comparison with experimental results 
In this section, predicted relations between input variables and cutting force are compared 
with the experimental results from the tests conducted on silicon to obtain its mechanistic 
parameter k. They are also compared with published results on cutting forces in UVAG of other 
brittle materials. 
 
Figure 4.19 Experimental relation between diamond grain size and cutting force when 
UVAG of silicon carbide (after [2]) 
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Figure 4.20 Experimental relation between ultrasonic power and cutting force 
 
 
(a) Silicon 
             
(b) Silicon carbide (after [2]) 
 
(c) Dental ceramics (after [3])        
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Figure 4.21 Experimental relation between spindle speed and cutting force 
 
 
    
   (a) Silicon                                          (b)   Silicon carbide (after [2])  
 
      
  (c) Dental ceramics (after [3])                 (d) Aluminum oxide (after [4]) 
 
 
Figure 4.19 shows the experimentally determined relation between diamond grain size 
and cutting force when UVAG of silicon carbide. As can be seen, when diamond grain size 
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increased (from mesh 80/100 to mesh 60/80), cutting force increased. This result is different 
from the predicted influence of diamond grain size on cutting force, as shown in Figure 4.9. The  
inconsistence may be due to the following reason. The predicted influence of diamond grain 
diameter on cutting force was based on the assumption that everything else (including the 
number of diamond grains) was the same when the diamond grain diameter changed. In 
experiments, two different tools (i.e. grinding wheels) were used: one with diamond grain size of 
mesh 60/80, and the other of mesh 80/100. There was no guarantee that the two grinding wheels 
were made exactly the same except diamond grain diameter. In fact, in order to keep the same 
diamond concentration, the number of diamond grains would decrease when using a larger 
diamond grain diameter, resulting in higher cutting force, as predicted in Figure 4.7. 
The model predicted that cutting force will increase as vibration amplitude increases (see 
Figure 4.11). This predicted trend agrees with the experimental results on silicon as shown in 
Figure 4.20 (a), those on silicon carbide as shown in Figure 4.20 (b), and those on dental 
ceramics as shown in Figure 4.20 (c).  
The predicted trends of spindle speed’s influence on cutting force (as shown in Figure  
3.15) and feedrate’s influence (as shown in Figure 4.17) are consistent with the experimental 
results on silicon and on other materials reports in the literature (as shown in Figure 4.21 and 
Figure 4.22).  
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Figure 4.22 Experimental relation between feedrate and cutting force 
 
 
(a) Silicon                                     (b) Silicon carbide (after [2]) 
      
           (c) Dental ceramics (after [3])                   (d) Aluminum oxide (after [4]) 
 
         (e) Ceramic matrix composite (after [5])   
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4.6  Conclusions  
A mechanistic model for cutting force in ultrasonic-vibration-assisted grinding (UVAG) 
of brittle materials has been developed using silicon as an example. The model was used to 
predict influences of input variables on cutting force. These predicted influences were compared 
with those determined experimentally. The trends of predicted influences of input variables on 
cutting force agree well with experimental results (except that of diamond grain diameter). Based 
on model predictions, cutting force will increase as vibration amplitude and feedrate increase, 
but decrease as diamond grain number, vibration frequency, and spindle speed increase.  
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 Abstract 
Titanium and its alloys (Ti) have wide applications in industry. However, since Ti is 
notorious for its poor machinability, their applications have been hindered by the high cost and 
low efficiency. Ultrasonic-vibration-assisted grinding (UVAG) is a hybrid machining process 
that combines the material removal mechanisms of diamond grinding and ultrasonic machining, 
and it is a cost-effective machining process for Ti. The relations between cutting force and input 
variables have been investigated and reported. But these relations have been studied by changing 
one variable at time. Therefore, the interactions between cutting force and input variables have 
not been revealed. In this paper, a two-level five-factor full factorial design is used to study the 
relations between cutting force and input variables based on a cutting force model for UVAG of 
Ti. The main effects of these variables, and two-factor interactions and three-factor interactions 
of these variables are also revealed.  
Keywords: Cutting force, Design of experiment, Grinding, Titanium, Ultrasonic 
vibration  
5.1 Introduction 
Titanium and its alloys (Ti) are attractive for many applications due to their superior 
properties [1]. These properties include high strength-to-weight ratio [2,3], creep strength, 
fatigue strength, fracture toughness, fabricability [1], heat and corrosion resistance at elevated 
temperature, and shock resistance [2,3]. Besides the aerospace industry that uses 60% of the Ti 
[4,5], Ti is also used in such industries as military [6,7], automotive [8], chemical [9,10], medical 
[11,12], and sporting goods [13].  
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Many Ti components require drilling operations. However, Ti is notorious for its poor 
machinability [14], resulting in high cost and low efficiency with current drilling methods. 
Increasing use of Ti/composite stacks in the aerospace industry presents even greater challenges. 
Therefore, there is a critical need to develop more cost-effective Ti drilling processes. 
 
Figure 5.1 Illustration of ultrasonic-vibration-assisted grinding (after [19]) 
 
 
 
Ultrasonic-vibration-assisted grinding, also called rotary ultrasonic machining (RUM), has 
been used to drill Ti recently [15-18]. Figure 5.1 is the schematic illustration of UVAG. A rotary 
core drill with metal-bonded diamond grains ultrasonically vibrates in its axial direction and is 
fed towards the workpiece. Coolant pumped through the core of the drill washes away the swarf, 
prevents jamming of the drill and keeps it cool. 
Since it was invented in 1960’s [20], UVAG has been used primarily to drill brittle 
materials. Effects of input variables (diamond grain number, grain size, and type; bond type; 
 Rotation 
Vibration 
Coolant flow in
Coolant 
flow out Coolant flow out 
Diamond grains 
Coolant flow
113 
 
vibration amplitude and frequency; spindle speed; coolant type and pressure) on output variables 
(cutting force, material removal rate, and surface roughness) in UVAG of brittle materials have 
been investigated experimentally [21-27].  
Churi et al. [15-18] were the first to perform feasibility experiments on UVAG of Ti. 
They also investigated effects of 
input variables (diamond concentration, diamond grain size, vibration power, spindle 
speed, and feedrate) on four output variables (cutting force, material removal rate, tool wear, and 
surface roughness) in UVAG of Ti.   
Qin et al. [28] derived a physics-based model to predict cutting force in UVAG of Ti. 
Using this model, they also investigated the effects of number of diamond grains, diamond grain 
size, vibration amplitude, spindle speed, and federate on cutting force.  
However, the interactions of these input variables on the cutting force in UVAG of Ti have 
not been reported. This paper, for the first time, reports the results of a systematic study on the 
cutting force in UVAG of Ti using the physics-based model derived by Qin et al. In this paper, a-
two level, five-factor full factorial design is used to investigate the relationship between the 
cutting force and the process variables. This study provides the main effects of these variables, 
the effects of two-factor interactions and three-factor interactions among these variables.  
5.2 Brief introduction of the physics-based model and design of experiments 
5.2.1 Physics-based model for cutting force in UVAG 
The relation between cutting force F and the five process variables is as follows [28]: 
                                       (1) 
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where, n is the number of diamond grains, r the diamond grain radius, A the vibration 
amplitude, and δ the penetration depth of diamond grains into workpiece. δ not only relates to the 
process variables existing in the above formula, but also relates to spindle speed and feedrate. 
With given process variables, δ can be obtained using commercial software Solidworks, and then 
the cutting force will be obtained from the above formula. For more details, please refer to the 
paper on this physics-based model [28].  
5.2.2 Design of experiments  
The mechanical properties of workpiece are given in Table 5.1. A 25 full factorial design is 
employed. This means five factors, each at two levels (high and low) as shown in Table 5.2. 
Table 5.3 shows the matrix with total of 32 treatment combinations. Commercial software called 
Minitab (version 14, Minitab Inc., State College PA, USA) is used to assist in data processing. 
 
 
Table 5.1 Mechanical properties of Ti 
 
Property Unit  Value 
Elastic modulus  MPa 105,000 
Poission ratio 
 
0.37 
Mass density Kg/m3 4510 
Tensile Strength MPa 344 
Thermal conductivity  W/m k 16.4 
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Table 5.2 Low and high levels of processes variables 
 
Process variable Unit  Low level (-) High level (+) 
Diamond grain number 
 
100 300 
Grain size mm 0.15 0.2 
Spindle speed rpm 2000 3000 
Feedrate mm/s 0.03 0.05 
Vibration amplitude mm 0.02 0.04 
 
 
 
Table 5.3 Design matrix and results 
 
Diamond number Grain radius Spindle speed Feed-rate 
Vibration 
amplitude 
Cutting force (N)
- - - - - 253 
+ - - - - 347 
- + - - - 311 
+ + - - - 406 
- - + - - 204 
+ - + - - 287 
- + + - - 253 
+ + + - - 354 
- - - + - 378 
+ - - + - 502 
- + - + - 438 
+ + - + - 599 
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- - + + - 298 
+ - + + - 411 
- + + + - 364 
+ + + + - 503 
- - - - + 219 
+ - - - + 298 
- + - - + 260 
+ + - - + 356 
- - + - + 174 
+ - + - + 240 
- + + - + 211 
+ + + - + 290 
- - - + + 320 
+ - - + + 298 
- + - + + 382 
+ + - + + 507 
- - + + + 253 
+ - + + + 344 
- + + + + 306 
+ + + + + 411 
 
5.3 Results and discussion  
5.3.1 Main effects  
The main effects of each process variable are shown in Figure 5.2 (a) - (e) respectively. It 
can be seen that cutting force increases as the diamond grain number, diamond grain size, and 
feedrate increase, and as the spindle speed and vibration amplitude decrease. These main effects 
in UVAG are consistent with those observed experimentally by Churi et al. [16,17] except for 
the diamond grain number. The inconsistence may be due to the following reason. The predicted 
117 
 
influences of diamond grain number on cutting force were based on the assumption that 
everything else was the same when the diamond grain number changed. In experiments, two 
different tools (or grinding wheels) were used, one with diamond concentration of 80, and the 
other 100. There was no guarantee that the two wheels were made exactly the same this except 
concentration. Further experimental investigations on the influences of diamond concentration 
are planned and the results will be reported later. 
                                                
Figure 5.2 Main effects of process variables  
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(e) 
 
5.3.2 Two-factor interactions 
Figure 5.3 provides all two-factor interaction effects of five variables. For the interaction 
between diamond grain number and diamond grain radius, at the high level of diamond grain 
number, the change in grain size causes a larger change in the cutting force than at the low level 
of diamond grain number. For the interaction between diamond grain number and spindle speed, 
with different level of diamond grain number, the change in spindle speed does not make 
obvious change in cutting force, For the interaction between diamond grain number and feedrate, 
at the high level of diamond grain number, the change in feedrate causes a larger change in the 
cutting force than at the low level of diamond grain number. For the interaction between 
diamond grain number and vibration amplitude, at the high level of diamond grain number, the 
change in vibration amplitude causes a larger change in the cutting force than at the low level of 
diamond grain number.   
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For the interaction between diamond grain radius and spindle speed, at the high level of 
diamond grain radius, the change in spindle speed causes a larger change in cutting force than at 
the low level of spindle speed. For the interaction between diamond grain radius and vibration 
amplitude, with different levels of diamond grain radius, the change in vibration does not cause 
significant change in cutting force.  
For the interaction between spindle speed and feedrate, at different levels of spindle speed, 
the change of feedrate does not cause significant change in cutting force. For the interaction 
between spindle speed and vibration amplitude, at the high level of spindle speed, the change of 
vibration amplitude causes smaller change in cutting force than at the low level of spindle speed.   
 
Figure 5.3 Two-factor interactions of process variables 
 
  
 
  (a) 
 
450
400
350
300
250
Diamond grain number low 
Diamond grain number high 
Low High 
Diamond grain radius 
C
ut
tin
g 
fo
rc
e 
 (N
) 
121 
 
      
  (b) 
 
 
   (c) 
Feedrate 
450
400
350
300
250 Diamond grain number low 
Diamond grain number high 
   
C
ut
tin
g 
fo
rc
e 
 (N
) 
Low High 
Low High 
450
400
350
300
250   Diamond grain number low 
   
C
ut
tin
g 
fo
rc
e 
 (N
) 
Spindle speed 
Diamond grain number high 
122 
 
  
(d) 
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(i) 
 
  (j) 
 
5.3.3 Three-factor interactions 
Figure 5.4 shows four three-factor interactions on cutting force. The first three-factor 
interaction as shown in (a) is among diamond grain number, diamond grain radius, and spindle 
speed. It can be observed that at the combination of high level of diamond grain number, high 
level of diamond grain radius, and low level of spindle speed, cutting force is the highest. The 
second three-factor interaction as shown in (b) is among feedrate, vibration amplitude, and 
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spindle speed. At the combination of high level of feedrate, high level of vibration amplitude, 
and low level of spindle speed, cutting force is the highest. The third three-factor interaction as 
show in (c) is among diamond grain number, vibration amplitude, and spindle speed. It can be 
seen that at the combination of high level of diamond grain number, high level of vibration 
amplitude, and low level of spindle speed, cutting force is the highest. The last three-factor 
interaction as shown in (d) is among feedrate, diamond grain radius, and spindle speed. It can be 
observed that the combination of high level of feedrate, high level of diamond grain radius, and 
low level of spindle speed, will result in the highest cutting force.  
 
 
Figure 5.4 Three-factor interactions of process variables 
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5.4 Conclusions 
In this paper, a 25 full factorial design is employed to study the relations between five 
process variables (diamond grain number, diamond grain size, spindle speed, feedrate, and 
vibration amplitude) and cutting force in UVAG of Ti, using the physics-based predictive model 
for cutting force in UVAG of Ti. For the first time, interactions effects of process variables on 
the cutting force in UVAG of Ti are performed and reported. 
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 Abstract 
Ultrasonic-vibration-assisted grinding (UVAG) combines the material removal 
mechanisms of diamond grinding and ultrasonic machining. Models have been presented to 
predict material removal rate and edge chipping and many experiments have also been conducted. 
However, there were no models on cutting force in UVAG of brittle materials until the authors 
developed one. Based on this developed model, this paper reports a systematic study on cutting 
force in UVAG of brittle materials using a 26 factorial design. The main effects, two-factor and 
three-factor interaction effects on cutting force are revealed and compared with those obtained 
experimentally. 
Keywords: Brittle material, cutting force, design of experiment, ultrasonic-vibration-
assisted grinding 
6.1 Introduction  
Brittle materials (such as silicon carbide and ceramics matrix composite) have broad 
applications in industry due to their high strength, high stiffness, and resistance to wear [1-8]. 
However, these superior properties also make it very difficult to shape and machine these 
materials into a precise size and shape [9].  
Reported machining methods for these brittle materials include laser processing [10], 
electrical-discharge machining (EDM) [11,12], ultrasonic machining (USM) [13], and ultrasonic-
vibration-assisted grinding (UVAG) (also called rotary ultrasonic machining, RUM) [14-17]. 
Among these non-traditional machining processes, UVAG is a relatively cost-effective process 
due to its high material removal rate (MRR) [15], better capability to drill deep and accurate 
holes [18-20], low tool pressure, and superior surface finish [ 9,18,21].   
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Figure 6.1 is the schematic illustration of UVAG. A rotary core drill with metal-bonded 
diamond grains is vibrated ultrasonically and fed towards the workpiece. Coolant pumped 
through the core of the drill washes away the swarf, prevents jamming of the drill and keeps it 
cool.  
Many experiments on UVAG of brittle materials have been conducted to study the 
relationships between input variables and output variables (including cutting force, surface 
roughness, edge chipping, and material removal rate). Models have been presented to predict 
material removal rate and edge chipping. However, there were no models on cutting force in 
UVAG of brittle materials. 
Qin et al. [22] developed a mechanistic model to predict cutting force in UVAG of brittle 
materials. Using this model, they also studied the effects of six input variables on cutting force. 
However, no systematic studies have been published about the interaction effects of these input 
variables on cutting force in UVAG of brittle materials. For the first time, a systematic study on 
the cutting force in UVAG of brittle materials using the mechanistic model is conducted and 
reported in this paper. A 26 (two-level six-factor) full factorial design is utilized. The main 
effects, two-factor interaction effects as well as three-factor interaction effects of these variables 
on cutting force are revealed.   
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Figure 6.1 Illustration of UVAG [9]     
 
 
                                       
 
 
Figure 6.2 Main effects of input variables 
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6.2 Brief description of the mechanistic model  
UVAG is a hybrid machining process that combines the material removal mechanisms of 
ultrasonic machining and diamond grinding. In the mechanistic model, ultrasonic machining 
with an amplitude A and a frequency f was taken as the primary process and brittle fracture is the 
dominant mode of material removal. Effects of the rotating motion of the tool were taken into 
consideration via its effects on the indentation volume by each diamond grain into the workpiece. 
As most researchers did when developing cutting force models for grinding [23-29], the cutting 
force for individual diamond grain F/n was derived first, and then, the total cutting force could 
be obtained by summing up the forces on all diamond grains taking part in cutting,  
In the model, the maximum contact force on individual diamond grain, Fc/n, was 
expressed as follows [30]:  
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where Fc is the maximum contact force on all diamond grains taking part in cutting, n is 
the number of diamond grains taking part in cutting, E and ν are Young's modulus and Poisson's 
ratio of workpiece material, respectively, d is diamond grain diameter, and δ is maximum 
indentation depth into the workpiece by a diamond grain.  
In the above equation, δ was the only unknown parameter, and could be calculated from 
indentation volume U: 
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where Do is the outer diameter of the cutting tool, S is spindle speed, f is ultrasonic 
frequency, and A is ultrasonic amplitude. 
For UVAG of brittle materials, more than one vibration cycles may be needed to remove 
the indentation volume U. In addition, the removed volume W may be larger than the indentation 
volume U because the cracks responsible for material removal may initiate and propagate outside 
the indentation volume.  So a mechanistic parameter k was utilized to relate W and U: 
 
    kUW                                                                 (3) 
 
 A serial of experiments with UVAG of silicon were conducted to determine this 
mechanistic parameter: 
 
       ）Vδ.（k .. 970931410031                                                       (4)  
  
Furthermore, W could be obtained by input variables as follows: 
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where V is feedrate and  Di is the inner diameter of the cutting tool. 
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Using two impulses in terms of Fc/n and F/n during one vibration cycle, the relationship 
between Fc/n and F/n could be written as:   
 
   tf
n
F
n
F c                                                                      (6)     
  
Where  is effective contact time (i.e., the period of time during which the diamond 
grain has penetrated into the workpiece).  
Consequently, the cutting force F can be expressed as:  
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For further details of the mechanistic model, please refer to the paper by Qin et al. [22]. 
6.3 Design of experiments 
Since the cutting force model was developed by using silicon as an example of brittle 
materials, the silicon is also used in this paper. Elastic modulus of silicon is E = 125.6 GPa and 
Poisson’s ratio is ν = 0.3. A 26 full factorial design is employed to study the effects of six input 
variables (diamond grain number n and diameter d, vibration amplitude A and frequency f, 
spindle speed S, and feedrate V).  There are two levels (high and low) for each of the input 
variables. The values of the corresponding high and low levels are determined according to 
preliminary experiments and presented in Table 6.1. The design matrix and results of cutting 
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force are shown in Table 6.2. Commercial software Minitab (version 14, Minitab Inc., State 
College PA, USA) was used to process the data and obtain the main effects, and two-factor 
interaction effects, as well as three-factor interaction effects. 
 
 
Table 6.1 Low and high levels of input variables 
 
 
Input variable Unit High level (-) Low level (+) 
Diamond grain number 
 
60 70 
Diamond grain diameter mm 0.13 0.18 
Vibration amplitude mm 0.008 0.015 
Vibration frequency kHz 20 24 
Spindle speed rpm 2000 4000 
Feedrate mm·s-1 0.013 0.029 
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Table 6.2 Design matrix and results 
 
n d A f S V 
Force 
(N) 
- - - - - - 6466.36  
+ - - - - - 512.76  
- + - - - - 60.34  
+ + - - - - 6.53  
- - + - - - 6759.39  
+ - + - - - 713.81  
- + + - - - 67.38  
+ + + - - - 6.87  
- - - + - - 378.60  
+ - - + - - 47.13  
- + - + - - 3.75  
+ + - + - - 0.36  
- - + + - - 495.75  
+ - + + - - 53.39  
- + + + - - 3.88  
+ + + + - - 0.36  
- - - - + - 736.76  
+ - - - + - 186.07  
- + - - + - 35.74  
+ + - - + - 4.92  
- - + - + - 1300.62  
+ - + - + - 275.75  
- + + - + - 43.74  
+ + + - + - 5.51  
- - - + + - 152.99  
+ - - + + - 27.23  
- + - + + - 3.02  
+ + - + + - 0.32  
- - + + + - 216.45  
+ - + + + - 33.83  
- + + + + - 3.28  
+ + + + + - 0.34  
- - - - - + 4279.55  
+ - - - - + 780.23  
- + - - - + 97.56  
+ + - - - + 10.80  
- - + - - + 11366.31  
+ - + - - + 1149.71  
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- + + - - + 111.02  
+ + + - - + 11.48  
- - - + - + 595.37  
+ - - + - + 75.81  
- + - + - + 6.28  
+ + - + - + 0.60  
- - + + - + 823.15  
+ - + + - + 87.67  
- + + + - + 6.54  
+ + + + - + 0.61  
- - - - + + 986.73  
+ - - - + + 260.40  
- + - - + + 54.24  
+ + - - + + 7.81  
- - + - + + 1824.80  
+ - + - + + 398.25  
- + + - + + 67.91  
+ + + - + + 8.88  
- - - + + + 219.96  
+ - - + + + 41.05  
- + - + + + 4.88  
+ + - + + + 0.54  
- - + + + + 321.79  
+ - + + + + 52.22  
- + + + + + 5.38  
+ + + + + + 0.56  
 
6.3.1 Main effects 
Figure 6.2 shows the main effects of six input variables on cutting force. Cutting force 
decreases as the diamond grain number and diameter, vibration frequency and spindle speed 
increase, and as the vibration amplitude and feedrate decrease.  
The main effects of diamond grain diameter, spindle speed and feedrate are consistent 
with those observed experimentally in UVAG of other brittle materials and reported in the 
literature [14-16,31]. For the main effect of diamond grain number, the modeling prediction was 
not consistent with experimental results reported by Churi et al. [16]. The inconsistence may be 
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due to the following reasons. The influences of diamond grain number on cutting force in the 
model were predicted based on the assumption that everything else was the same when the 
diamond grain number changed. In experiments, two different tools (or grinding wheels) were 
used, one with diamond concentration of 80, and the other 100. There was no guarantee that the 
two wheels were made exactly the same except diamond concentration. Further experimental 
investigations on the influences of diamond concentration are planned and the results will be 
reported later.  
For the main effect of vibration amplitude, experiments on UVAG of silicon carbide 
show that cutting force decreases first and then increases as the vibration amplitude increases 
[16]. The second half of the experiments results agrees with the model prediction. The reason for 
this phenomenon will be provided in the next section.   
6.3.2 Two-factor interaction effects  
Figure 6.3 shows all the two-factor interaction effects of input variables on cutting force. 
It can be seen that, among the five interaction effects between feedrate and other input variables, 
only one is significant: the interaction effect between vibration amplitude and feedrate. Therefore, 
in the following discussion, only the interaction effect between vibration amplitude and feedrate 
will be discussed for feedrate.  
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Figure 6.3 Two-factor interaction effects 
 
n
A
f
S
V
d
HighLow HighLow HighLow HighLow HighLow
2000
1000
0
2000
1000
0
2000
1000
0
2000
1000
0
2000
1000
0
n
Low
High
d
Low
High
A
Low
High
f
Low
High
S
Low
High
 
 
For the interaction effects between diamond grain number and other four variables 
(diamond grain diameter, vibration amplitude, vibration frequency, and spindle speed), at the low 
level of diamond grain number, the changes in the four variables cause larger changes in the 
cutting force than at the high level of grain number. The same situation can be observed for the 
interaction effects between diamond grain diameter and other three variables (vibration 
amplitude, vibration frequency, and spindle speed) as shown in Figure 6.3. 
For the interaction effects between vibration amplitude and vibration frequency and 
spindle speed, the changes of vibration frequency and spindle speed at the high level of vibration 
amplitude causes larger changes in cutting force than at the low level of vibration amplitude. 
Note that for interaction effects between vibration amplitude and feedrate, with different levels 
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of vibration amplitude, the change in feedrate has opposite effects on cutting force. At the high 
level of vibration amplitude, the cutting force increases as the feedrate increases, but at the low 
level of vibration amplitude, the cutting force decreases as the feedrate increases. In the 
experiments conducted by Churi et al. [16], the low level and high level of feedrate were 0.008 
mms-1 and 0.015 mms-1, respectively. In the model predictions, the low level of feedrate was 
0.013 mms-1 while the high level of feedrate was 0.026 mms-1. It can be seen that even the low 
level of the feedrate in the model predictions is close to the high level of the feedrate in the 
experiments [16]. This is why the predicted main effect of vibration amplitude on cutting force 
agrees with only the second half of the experiment results. 
For the interaction effects between vibration frequency and spindle speed, at the low level 
of vibration frequency, the change in spindle speed causes a larger change in cutting force.   
6.3.3 Three-factor interaction effects 
Figure 6.4 shows four three-factor interaction effects on cutting force. For interaction 
effects among diamond grain number, diamond grain diameter, and vibration amplitude, as 
shown in Figure 6.4 (a), at the high level of grain number,high level of grain diameter, and low 
level of vibration amplitude, the cutting force is the lowest. For interaction effects among 
diamond grain number, diamond grain diameter, and vibration frequency, as shown in Figure 6.4 
(b), at the high level of grain number, high level of grain diameter and high level of vibration 
frequency, the cutting force is the lowest. For interaction effects among diamond grain number, 
diamond grain diameter, and spindle speed, as shown in Figure 6.4 (c), at the high level of grain 
number, high level of grain diameter, and high level of spindle speed, the cutting force is the 
lowest. For interaction effects among diamond grain number, diamond grain diameter and 
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federate, as shown in Figure 6.4 (d), at the high level of grain number, high level of grain 
diameter, and low level of feedrate, the cutting force is the lowest. The same analysis can be 
applied to other three-factor interaction effects. 
 
Figure 6.4 Three-factor interaction effects 
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6.4 Conclusions 
Using the mechanistic model of cutting force in UVAG of brittle materials developed by 
the authors, a 26 full factorial design is employed to study the relations between six input 
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variables (diamond grain number, diamond grain diameter, vibration amplitude, vibration 
frequency, spindle speed, and feedrate) and cutting force in UVAG of brittle materials. For the 
first time, interaction effects of input variables on the cutting force in UVAG of brittle materials 
are studied systematically.  
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 Abstract 
Edge chipping is an important quality parameter in ultrasonic-vibration-assisted grinding 
(UVAG) of advanced ceramics. In this paper, the effects of cutting tool design, including three 
different tool angles at tool end surface and wall thickness of the cutting tool (core drills), and 
process variables on edge chipping are investigated using a finite element analysis (FEA) model. 
Experiments are also conducted to verify the FEA predicted effects of process variables on edge 
chipping for the three cutting tools.  
Keywords: Advanced ceramics, Cutting tool design, Edge-chipping thickness, Edge 
chipping size, Finite element analysis, Ultrasonic-vibration-assisted grinding 
7.1 Introduction  
Advanced ceramics, like functional ceramics, structure ceramics, bioceramics, ceramics 
coatings, special glasses, represent an important category of materials which has considerable 
impact for a lot of industries, branches and markets. They have a potential to deliver high-value 
contributions for solving the challenges of our life [1]. 
Thousands of engineering components have benefited from advanced ceramics [2] due to 
their high wear resistance, high hardness and strength at elevated temperature, and low thermal 
conductivity, etc, providing considerable lifetime increases over conventional metal components 
[2].  
However, the high cost and variable performance (reliability) impede the rapid application 
of advanced ceramic components [3]. The world-wide market for advanced ceramics is forecast 
to arrive at $ 40 billion in 2009 [1]. Their machining, which is considered as an essential step in 
the fabrication of ceramic components, often accounts for more than 75% even up to 90%, of the 
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final cost of the components [3]. Therefore, cost-effective and reliable machining processes for 
advanced ceramics are crucially desired.  
Ultrasonic machining (USM) is considered as probably the most frequently used machining 
method for advanced ceramics [4], but it has very low material removal rate (MRR), difficulty to 
drill deep hole and limited accuracy [5].  
Ultrasonic-vibration-assisted grinding (UVAG), which combines the material removal 
mechanisms of diamond grinding and USM, is another process applicable to advanced ceramic 
materials [5-14]. Comparing to USM, it achieves higher material removal rates while 
maintaining low cutting pressures [5], it is easier to drill deep holes and improved hole accuracy 
[15]. In addition, UVAG is an environmentally benign process because the slurry in USM is 
replaced with abrasives bonded to the tool.   
Figure 7.1 is a schematic illustration of UVAG. A rotary core drill with metal-bonded 
diamond grains vibrates at an ultrasonic frequency and is fed towards the workpiece. Coolant 
pumped through the core of the drill washes away the swarf, prevents jamming of the drill and 
keeps it cool. 
Reported experimental studies on UVAG [7,9,12-14,16-25] are primarily focused on 
relationships between input variables (diamond concentration, grain size, and type; bond type; 
vibration amplitude and frequency; spindle speed; feedrate; coolant type and pressure) and 
output variables (material removal rate, cutting force, surface roughness, and tool wear). 
Reported modeling work on UVAG includes predicting material removal rate (MRR) [6,26-28], 
cutting force using brittle fracture model and ductile model [29,30], and tool wear mechanisms 
[31, 32].  
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Figure 7.1 Schematic illustration of UVAG   
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One of the remaining challenges for UVAG is edge chipping when it comes to drill hard 
and brittle materials like advance ceramics [13,33, 34]. 
There are several investigations dealing with the machining induced edge chipping in 
milling [35-37] and grinding [38] of brittle materials. But little research on edge chipping in 
UVAG of hard and brittle materials has been reported. Jiao et al. [33] studied the main and 
interaction effects of process variables on edge chipping in UVAG of advanced ceramics through 
an integrated way combining experimental design and finite element method. They concluded 
that the edge-chipping thickness could be reduced by using higher spindle speed and lower 
feedrate.  Li et al. [13] developed a 3-D FEA model to study the effects of cutting depth, support 
length and pretightening load on the initiation of edge chipping in UVAG of advanced ceramics 
and verified the model predictions by experiments. They concluded that edge-chipping thickness 
could be reduced by increasing the support length.  
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However, there are no reports on the effects of cutting tool design, for example, tool angle 
and wall thickness of the cutting tool, on edge chipping initiation in UVAG of advanced 
ceramics. 
This paper first develops an FEA model to investigate the edge-chipping thickness with 
three different cutting tools, and the effects of tool angle, wall thickness of tool, and process 
variables on edge chipping. Furthermore, the simulation results are verified by experimental 
results of UVAG of advanced ceramics. 
7.2 Development of the model  
In order to reduce the computation cost significantly, the machining process will be 
modeled as a static problem. Only static stress distribution in the region of the edge chipping 
initiation is concerned. The dynamic nature is not taken into account in this paper. 
7.2.1 Geometry creation and mesh generation 
The commercial software Solidworks 2009 SP4.0 (SolidWorks Corp, Concord, 
Massachusetts, USA) is utilized to create the model. The mechanical properties of the ceramic 
are listed in Table 7.1. The workpiece is assumed to have a cylinder shape with a radius of 16 
mm and thickness of 6 mm. Due to the symmetry of workpiece and fixture geometry as well as 
load conditions, with two axisymmetric planes, one quarter of a 3-D solid model of the 
workpiece is constructed as shown in Figure 7.2. The cutting tool has a hollow cylinder with 
outer diameter of 9.6 mm and inner diameter of 7.8 mm. The elements are refined progressively 
on the cutting surface and the fillets as well as the walls, with default mesh for other parts of the 
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model as shown in Fig 2. The length of pretightening load is 8 mm, equal to the length of the 
supporting by the fixture as shown in Figure 7.1.  
 
Table 7.1 Mechanical properties of the ceramic 
 
 
 
 
 
 
 
 
 
Figure 7.2 A 3-D FEA model of the workpiece 
 
 
Property Unit Value 
Elastic modulus GPa 190 
Poisons’s ratio 
 
0.25 
Density kg/m3 3500 
Tensile strength MPa 130 
Compressive strength MPa 1750 
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7.2.2 Boundary conditions and loading 
The bottom of the workpiece (supported portion) which is in contact with fixture is 
constrained from moving in vertical direction, so roller constraints are chosen in Solidworks to 
fix the supported portion of the workpiece. The two axisymmetric planes are fixed by symmetric 
constraints in Solidworks as shown in Figure 7.2.  
A uniform pretightening load of 3.7 MPa is applied on the top surface of the workpiece to 
tighten it. A vertical cutting force is applied to the contact surface between the workpiece and the 
end surface of cutting tool. Due to rotation of cutting tool, there is a torque between the contact 
areas of cutting tool and workpiece, but it turns out the torque is too small to get the accurate 
value during experiments. In order to simulate the real machining process as much as possible, a 
torque of 0.5 N.m is applied on the contact areas between cutting tool and workpiece. The 
contact area consists of two fillets of 0.1 mm on both sides and a middle horizontal contact 
surface between the fillets. The simulation results show that the effect trends of different input 
variables keep the same under different fillets. So in the following, all the results are obtained by 
using 0.1 mm fillets. The cutting force is calculated according to a mechanistic model for brittle 
material [30].  
7.2.3 Failure criterion of edge chipping 
The tensile stresses of the ceramic are of the primary concern because the compressive 
strength of the workpiece is much higher than the tensile strength as listed in Table 7. 1. The 
maximum normal stress criterion is applied to predict the edge-chipping thickness. It is assumed 
that edge chipping initiates at a critical cutting depth where the maximum normal equivalent 
stress reaches the tensile strength of the workpiece material.  
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Therefore, when the maximum normal stress reaches the tensile strength of the workpiece at 
one cutting depth, this depth is the critical depth. The edge-chipping thickness can be obtained 
by using the total thickness of the workpiece (6 mm) subtracting the critical cutting depth. For 
more detail of the calculation of the edge-chipping thickness, please refer to Li et al. [13].  
7.3 Simulation results  
There are three cutting tools as shown in Figure 7.3. They are normal tool (equal length for 
both outer and inner sides), inner tool (length of inner side is smaller than that of outer side), 
outer tool (length of outer side is smaller than that of inner side). For each of them, two tool 
parameters (tool angle and wall thickness) and five process variables (diamond grain number, 
diamond grain diameter, vibration amplitude, spindle speed, and federate) are investigated for 
edge-chipping thickness in UVAG of advanced ceramics. 
 
Figure 7.3 Schematic illustration of angle for three cutting tools 
 
  
(a) Normal tool    (b) Inner tool     (c) Outer tool 
 
No angle  
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7.3.1 Effects of tool angle on edge-chipping thickness   
The tool angle is defined by α, which is the intersection angle between the oblique side and 
the longer side of the tool as shown in Figure 7.3 (b) and (c).  Five angles are chosen for both 
inner tool and outer tool as shown in Figure 7.4. When the tool angle increases from 45o to 84o, 
the edge-chipping thickness increases for both inner tool and outer tool. In addition, with the 
same angle, at different tool angles, all the edge-chipping thicknesses drilled by outer tool are 
smaller than those drilled by inner tool. 
 
Figure 7.4 Effects of tool angle on edge-chipping thickness 
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7.3.2 Effects of wall thickness on edge-chipping thickness 
The wall thickness of the cutting tool t is one half of the difference between the outer 
diameter and inner diameter as shown in Figure 7.3. The simulation results are shown in Figure 
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7.5. Five thicknesses are chosen to study the effects of wall thickness on edge-chipping thickness. 
The edge-chipping thickness increases as wall thickness increases for normal tool and inner tool 
and as the wall thickness decreases for outer tool. In addition, with the same wall thickness, at 
different wall thicknesses, the outer tool produces the lowest edge-chipping thickness, followed 
by inner tool and normal tool.   
 
 
Figure 7.5 Effects of wall thickness on edge-chipping thickness 
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7.3.3 Effects of process variables on edge-chipping thickness  
Five process variables are investigated in UVAG of the ceramic in the simulation: diamond 
grain number, diamond grain diameter, vibration amplitude, spindle speed, and feedrate. In a 
mechanistic model developed by Qin et al. [31], they provided a relationship between the five 
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process variables and cutting force in UVAG of brittle materials. According to these 
relationships, the change trends of cutting force could be obtained for these process variables. 
The results are shown in Figure 7.6 (a) - (e). According to these graphs, edge-chipping 
thickness decreases with an increase in the diamond grain number and diameter, vibration 
amplitude and spindle speed, and as a decrease in the feedrate. In addition, for all the five 
variables, the edge-chipping thickness drilled by the outer tool is the lowest, followed by inner 
tool and normal tool, if the cutting force is the same. 
 
 
Figure 7.6 Simulation results about effects of process variables on edge-chipping thickness 
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(d) 
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7.4 Pilot experimental verification  
In the experimental verification, effects of the three process variables: vibration power, 
spindle speed and feedrate on edge-chipping thickness will be verified. And the edge-chipping 
size will be also measured to estimate the effects of the three process variables for the three 
cutting tools. 
7.4.1 Experimental set-up and conditions  
In UVAG of the ceramic, a blind hole is drilled in the fixture under the workpiece to receive 
the rod, as shown in Figure 7.1. An ultrasonic-vibration-assisted grinding machine of Sonic Mill 
Series 10 (Sonic-mill®, Albuquerque, NM, USA) was used to perform the experiments. The 
workpiece material was 92% Al2O3 sintered (Ferro-ceramic Grinding, Inc., Wakefield, MA, 
USA) and the size was 25 mm ×25 mm×6 mm. 
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Table 7.2 Experimental conditions 
 
Process variable Unit Value 
Vibration power % 30, 45 
Spindle speed rpm 2000, 3500 
Feedrate mm·s-1 0.15, 0.075 
 
 
Figure 7.7 Three cutting tools 
 
 
         
                                      (a) Normal tool (b) Inner tool (c) Outer tool 
 
The metal-bonded diamond cutting tools were provided by N.B.R. Diamond Tool Corp. 
(LaGrangeville, NY, USA) as shown in Figure 7.7. The mesh size of the diamond grains was 
80/100. The outer and inner diameters of the cutting tool were Do = 9.6 mm and Di = 7.8 mm, 
respectively. Water-soluble Quakercool 6010 cutting fluid (Murdock Industrial Supply Co., 
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Wichita, KS, USA) was used as the coolant (diluted with water at 1:14 ratio). For each tool, there 
were 4 combinations for process variables and two replicated tests for each combination, 
bringing the total number of test to 8. So for all the three tools, there are 24 tests. The 
experimental conditions are listed in Table 7.2. 
7.4.2 Measurement of edge-chipping thickness and size 
In the literature, only the normal tools were used, and the edge-chipping thicknesses on the 
machined rod were observed to evaluate the edge-chipping thickness of the workpiece since it is 
convenient to measure the machined rod and the edge chipping on the machined rod exactly 
matched the edge chipping on the drilled hole [11,13]. However, for the three cutting tools used 
in this paper, only the machined rods drilled by normal tool and inner tool have this matching 
characteristic, while the outer tool does not. For the outer tool, as prior definition, the length of 
the inner side is longer than that of the outer side, so after drilling, no edge chipping will be 
observed on the outer side of the rod as shown in Figure 7.8 (c). So in this paper, the drilled 
holes at the exit side of the workpiece instead of the rods is observed to evaluate the edge-
chipping thickness for the three cutting tools. The edge-chipping thickness is shown in Figure 7.9. 
The chipping size is the average width between the hole edge and the chipping edge away from 
the hole edge as shown in Figure 7.10. 
A digital video microscope (Olympus BX-51, Olympus America, Inc., St. Louis, MO, USA) 
was utilized to inspect the edge-chipping thickness and size at the hole exit edge. Four points 
were observed at 90 degree interval for each workpiece. Since each test was conducted twice, the 
total observed points were 8 for each experimental combination. And the average value for the 8 
points will be used to evaluate the edge-chipping thickness for each experimental combination. 
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Figure 7.8 Workpiece and rod drilled by three cutting tools 
 
 
   
        
(a) By normal tool    (b) By inner tool      (c) By outer tool 
 
Figure 7.9 Measurement of edge-chipping thickness on exit hole of workpiece 
 
 
 
 
  
1 cm 
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Figure 7.10 Measurement of edge-chipping size  
 
 
   
 
7.4.3 Experimental results and discussion 
The experimental data are listed in Table 7.3. As shown in Figure 7.11 and 7.12, the process 
variables have the same effects on chipping thickness and chipping size. Comparing the 
simulation results and experimental results for edge-chipping thickness, all the results have 
similar trends. The chipping thickness and size increase as the spindle speed decreases and 
vibration power and feedrate increase. This can be explained as below: that larger edge-chipping 
thickness almost always results from higher cutting force [11], and higher cutting force resulted 
from lower spindle speed, vibration amplitude and higher feedrate in UVAG of brittle material 
[30]. Therefore, larger edge-chipping thickness is caused by lower spindle speed and vibration 
amplitude and higher feedrate.  
 
 
Edge-chipping size 
1 mm
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Table 7.3 Experimental results 
 
 
In addition, with same process variables, the lowest edge-chipping thickness was obtained 
from workpieces drilled by outer tool, followed by inner tool and normal tool, which is 
consistent with the simulation results.  
 
 
 
 
 
 
 
 
  Feedrate (mm·s-1) 0.075 0.15      0.15 0.15 
Power (%)                              30 30 45 30 
Spindle speed (rpm) 3500 3500 3500 2000 
Normal tool 
Edge-chipping thickness (mm) 0.67 0.99 0.87 1.11 
Edge-chipping size (mm) 0.91 1.6 1.22 1.88 
Inner tool 
Edge-chipping thickness (mm) 0.58 0.626 0.51 0.7 
Edge-chipping size (mm) 0.717 0.94 0.83 1.04 
Outer tool 
Edge-chipping thickness (mm) 0.05 0.075 0.046 0.079 
Edge-chipping size (mm) 0.04 0.125 0.093 0.256 
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Figure 7.11 Experimental results about effects of process variables on edge-chipping 
thickness 
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Figure 7.12 Experimental results about effects of process variables on edge-chipping size 
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7.5 Conclusions  
This paper provided an investigation into the edge-chipping thickness and size in UVAG 
of ceramics. A FEA model was developed to study the effects of three cutting tool designs and 
five process variables on edge-chipping thickness in UVAG of the ceramic. Experiments were 
conducted to verify the process variables on edge chipping. The main conclusions are as follows:  
1. All the five process variables have influences on the edge chipping. 
2. The angle and wall thickness and type of cutting tool have influences on edge-
chipping thickness. 
3. The workpieces drilled by the outer tool has the lowest edge-chipping thickness 
and size, followed by the inner tool and normal tool. 
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Chapter 8- Summary and conclusions 
8.1 Summaries of this research 
This dissertation studies fundamental mechanisms in UVAG of ductile and brittle 
materials. In order to study effects of input variables (diamond grain number, diamond grain 
diameter, vibration amplitude, vibration frequency, spindle speed, and federate) on cutting force, 
a physics-based predictive cutting force model is developed for UVAG of ductile materials, 
while a mechanistic predictive cutting force model is developed for UVAG of brittle materials.  
Based on the developed models, interaction effects of input variables on cutting force are also 
studied. In addition, since edge chipping is one of the technical challenges in UVAG of brittle 
materials, an FEA model is developed to study effects of cutting tool design and input variables 
on edge chipping. Furthermore, some predicted trends from the developed models are verified 
through experiments.  
Below are the main conclusions drawn from this dissertation: 
1) A physics-based predictive cutting force model is developed for UVAG of ductile 
materials. The predicted influences of input variables on cutting force are compared with 
those determined experimentally. The trends of predicted influences agree well with 
experimental results. The cutting force will increase as diamond grain number, diamond 
grain radius, and feedrate increase. It will decrease as vibration amplitude, vibration 
frequency, and spindle speed increase. 
2) A mechanistic model for cutting force in UVAG of brittle materials has been developed 
using silicon as an example. The predicted influences of input variables on cutting force 
are compared with those determined experimentally. The trends of predicted influences 
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agree well with experimental results. Based on model predictions, cutting force will 
increase as vibration amplitude and feedrate increase, but decrease as diamond grain 
number, vibration frequency, and spindle speed increase.  
3) Based on the developed models for UVAG of ductile and brittle materials, full factorial 
design is employed to study the main effects and interaction effects of input variables on 
cutting force in UVAG of Ti and silicon. There are no significant interaction effects among 
the input variables in UVAG of ductile materials. However, there are significant 
interaction effects among input variables in UVAG of brittle materials.  
4) Three cutting tool designs are used to study their effects on edge chipping. Finite element 
analysis is utilized to study effects of tool design and process variables on edge chipping 
for brittle materials. The simulation results from the FEA model are verified through 
experiments. It is shown that, with increase of feedrate, the edge-chipping thickness and 
size increase; with increase of spindle speed and ultrasonic vibration amplitude, edge-
chipping thickness and size decrease; with increase of tool angle, the edge-chipping 
thickness increases; with increases of wall thickness of tool, the edge-chipping thickness 
changes differently for three cutting tools.  
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8.2 Contributions of this research 
The contributions of this research are: 
1) For the first time in public domain, this study has developed a physics-based predictive 
cutting force model for UVAG of ductile materials and the predicted results are verified 
through experiments. This research has filled a gap in the literature on fundamental 
mechanisms in UVAG under the condition of constant feedrate.  
2) For the first time in public domain, this study has developed a mechanistic predictive 
cutting force model for UVAG of brittle materials and the predicted results are verified 
through experiments. The stated results in this dissertation help to understand 
mechanisms in UVAG of brittle materials. 
3) The developed models can serve as useful templates for development of models to predict 
torque, cutting temperature, tool wear, and surface roughness in UVAG. 
4) The interaction effects of input variables on cutting force are studied systematically.  
5) For the first time, effects of cutting tool designs on edge chipping are studied. The results 
in this dissertation can provide guidance for choosing reasonable process variables and 
designing diamond cutting tools. 
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